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 Need for Uncertainty Quantification (UQ)

3

Modeling errors/uncertainties, numerical errors and data errors/uncertainties 

can interact (non-linearly).

Aleatoric (not reducible) or epistemic (incomplete knowledge) uncertainty.

Need to quantitatively access the impact of uncertain data on simulation 

outputs ⇒ use of stochastic / probabilistic methods.

In case of the lack of a reference solution, the validity of the model can be 

established only if uncertainty in numerical predictions due to uncertain input 

parameters can be quantified.

Difficulty: not looking for the unique solution. Now interested in finding the 

space of all possible solutions spanned by the uncertain parameters.

Possible sources: simulation constants/parameters, transport coefficients, 

physical properties, boundary/initial conditions, geometry, models, numerical 

schemes, ...
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Stochastic process representations
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Statistical methods:

(Brute-force) Monte Carlo method:
• Converges as 1/√N; Convergence rate is independent of number of RVs. Robust. Parallelizable.

Monte Carlo based methods:

• QMC (Quasi-MC), MCMC (Markov chain MC).

• importance sampling, correlated sampling, conditional sampling.

 Latin hypercube sampling, etc. (Fishman 1996)

Variance reduction technique: (limitation with large number of RVs)

RSM (Response Surface Method):
• realizations reduced by interpolation in state space; same limitation with large number of RVs.

Non-statistical methods:
“Indirect” methods:

Fokker-Planck equation: Solves for distribution function; Challenging in high dimensions (computational cost), BCs.

Moments equations: Closure of equations is key. Good for linear problems with Gaussian RVs.

“Direct” methods (e.g. SFEM, stochastic finite element method):
Interval analysis: “maximum” output bounds

Perturbation-based methods: 

Taylor expansion around means. Differ at the local representation of randomness: mid-point, local average, 

piecewise polynomial, etc.

Operator-based methods:

Weighted integral method; Neumann expansion.

Stochastic spectral methods: Polynomial chaos, Wiener-Askey chaos & Karhunen-Loève 

decomposition (Wiener, The homogeneous chaos 1938, Ghanem & Spanos, Stochastic Finite 

Elements: a Spectral Approach 1991, Loève, Probability Theory 1977).



Complete probability space:
(
Ω,A, P

)
, where Ω is the event space, A ⊂ 2Ω

the σ-algebra and P the probability measure.
Random variable X(ω):

X :
(
Ω,A, P

)
→ R,

with probability density function (pdf) fX and cumulative density function
(cdf) FX .

FX(x) =
∫ x

−∞
fX(x)dx.

Random vector:
X = {Xi(ω)}N

i=1, N ∈ N.

Two RVs X1 and X2:

• uncorrelated if: E(X̃1 ⊗ X̃2) = 0

• independent if: E[φ1(X1) φ2(X2)] ≡ E[φ1(X1)] E[φ2(X2)]

We consider a functional X = u(X) = u(ω).
Expectation operator:

E[u] =< u >=
∫

Ω
u(ω)dP (ω) =

∫

R
u(x)fX(x)dx

1. ū = E[u]

2. varu = E[ũ2] where ũ = u− ū

3. P (u ≤ u0) = P ({ω ∈ Ω : u(ω) ≤ u0}) = E[1{u≤u0}]

1
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We consider a continuous random process u(x,ω) indexed by a bounded
domain D ⊂ Rd on the probability space

(
Ω,A, P

)
.

1. For each x = x0, u(x = x0,ω) is a random variable on Ω.

2. u is a function of D×Ω with value u(x,ω) for given x ∈ D and ω ∈ Ω.

3. For each fixed ω ∈ Ω, u(x,ω) is a function - a realization - of x in D.

Expectation operator:

E[u] =< u(x) >=
∫

Ω
u(x,ω)dP (ω) =

∫

R
u(x, x)fX(x)dx

1. ū(x) = E[u(x)]

2. varu(x) = E[ũ(x)2] where ũ(x) = u(x)− ū(x)

3. P (u(x) ≤ u0) = P ({ω ∈ Ω : u(x,ω) ≤ u0}) = E[1{u(x)≤u0}]
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Random process (RP)
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• Find u(x, t,ω) with t ∈ [0, T ], ω ∈ Ω, such that:

L(x, t,ω;u) = f(x, t,ω) with x ∈ D,

B(x, t,ω;u) = g(x, t,ω) with x ∈ ∂D.

• Random inputs ← L, B, f, g, D, random parameter R, ...

• Finite dimensional noise assumption: R(ω) = R(X1(ω), X2(ω), . . . , XN (ω))
Each random variable is a function Xi : ω ∈ Ω→ R
One possible choice: KL decomposition - RVs are pairwise uncorre-
lated but not necessarily mutually independent.

u(x, t,ω) ≈ u(x, t,X1(ω), X2(ω), . . . , XN (ω))

• X(ω) = (X1(ω), X2(ω), . . . , XN (ω)): set of i.i.d continuous random
variables with PDF:

ρ(X) = ρ1(X1)ρ2(X2) · · · ρN (XN ) =
∏N

i=1 ρi(Xi) and support:

Γ ≡
∏N

i=1 Xi(Ω) ⊂ RN

• Strong form: find u(x, t,X), such that:

L(x, t,X;u) = f(x, t,X) with x ∈ D, X ∈ Γ
B(x, t,X;u) = g(x, t,X) with x ∈ ∂D.

• Finite dimensional subspace VΓ ⊂ L2
ρ(Γ) of all square integrable func-

tion in Γ with respect to the measure ρ(X)dX

• Weak form: find uV (x, t,X) ∈ VΓ(X), such that:

∫

Γ
L(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
f(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D,

∫

Γ
B(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
g(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ ∂D.

3
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Stochastic PDE and variational form 

• Find u(x, t,ω), such that:

L(x, t,ω;u) = f(x, t,ω) with x ∈ D, t ∈ [0, T ], ω ∈ Ω
B(x, t,ω;u) = g(x, t,ω) with x ∈ ∂D.

• Random inputs ← L, f, D, random parameter R, ...

• Finite dimensional noise assumption: R(ω) = R(X1(ω), X2(ω), . . . , XN (ω))
Each random variable is a function Xi : ω ∈ Ω→ R

One possible choice: KL decomposition - RVs are pairwise uncorre-
lated but not necessarily mutually independent.

u(x, t,ω) ≈ u(x, t,X1(ω), X2(ω), . . . , XN (ω))

• X(ω) = (X1(ω), X2(ω), . . . , XN (ω)): set of i.i.d continuous random
variables with PDF
ρ(X) = ρ1(X1)ρ2(X2) · · · ρN (XN ) =

∏N
i=1 ρi(Xi) and support Γ ≡∏N

i=1 Xi(Ω) ⊂ RN

• Strong form: find u(x, t,X), such that:

L(x, t,X;u) = f(x, t,X) with x ∈ D, t ∈ [0, T ], X ∈ Γ
B(x, t,X;u) = g(x, t,X) with x ∈ ∂D.

• Finite dimensional subspace VΓ ⊂ L2
ρ(Γ) of all square integrable func-

tion in Γ with respect to the measure ρ(X)dX

• Weak form: find uV (x, t,X) ∈ VΓ(X), such that:

∫

Γ
L(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
f(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D, t ∈ [0, T ]

∫

Γ
B(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
g(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D, t ∈ [0, T ]

10
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Karhunen-Loève representation
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The Karhunen-Loève (KL) expansion [Loeve 1977] is based on the spectral
expansion of the covariance function of a random process.

We consider a second-order RP u(x,ω) ⇒ E[u(x)2] < +∞,∀x ∈ D and its
covariance function Ru(x1,x2).

Ru(x1,x2) = E(u(x1,ω)⊗ u(x2,ω))

The covariance kernel is real, symmetric and positive-definite. Spectrum of
{λi} ⊂ R+ and orthogonal eigenfunctions φi(x) (complete basis).

Spectral representation of the kernel:

Ru(x1,x2) =
∞∑

i=1

λiφi(x1)φi(x2)

Second-order Fredholm equation:
∫

D
Ru(x1,x2)φi(x2)dx2 = λiφi(x1) with

∫

D
φi(x)φj(x)dx = δij .

5
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Karhunen-Loève representation
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u(x,ω) = ū(x) + σu

∞∑

i=1

√
λiφi(x)Xi(ω),

with Xi: centred, normalized, uncorrelated RVs (but not necessarily inde-
pendent!); EXi = 0, E(Xi Xj) = δij .

Xi(ω) =
1
λi

∫

D

(
u(x,ω)− ū(x)

)
φi(x)dx

Remark: If u(x,ω) is a Gaussian RP. It has a KL representation with RVs
Xi(ω): Gaussian vector. These Gaussian RVs are uncorrelated ⇒ indepen-
dent.

u(x,ω) = ū(x) + σu

N∑

i=1

√
λiφi(x)Xi(ω),

Error minimizing property: truncate after N largest eigenvalues ⇒ optimal
- in variance - expansion in N RVs.

ε2N =
∑

i>N

λi

Convergence rate of the spectrum: inversely proportional to correlation length
and depends on the regularity of the covariance kernel.

6
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Example: groundwater flow stochastic conductivity
- Modal decomposition

11

H. Matthies (Institute of Scientific Computing, TU Braunschweig)
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Example: groundwater flow stochastic conductivity
- Realizations
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H. Matthies (Institute of Scientific Computing, TU Braunschweig)
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Homogeneous Chaos
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Theorem [N. Wiener]: any RV u(ω) ∈ L2(Ω,A, P ) (with finite variance) can
be represented in orthogonal polynomials of Gaussian RVs X = {Xi(ω)}∞i=1.

u(ω) =
∞∑

k=0

ûkHk(X(ω))

• The type of Hk(X) are Hermite polynomials

• Convergence in L2(Ω,A, P ) (Cameron & Martin, 1947)

• Orthogonality condition: < Hi,Hj >= E[Hi,Hj ] = E[H2
i ] δij

• Expectation operator: E [·, f ] =
∫
Ω f(X)ρ(X) dX

5
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generalized Polynomial Chaos (gPC)
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u(x, t,ω) =
∞∑

k=0

ûk(x, t)Φk(X)

• Generalization to the Askey scheme family of polynomials [Xiu & Kar-
niadakis, 2002].

• Orthogonality condition: E[Φi,Φj ] = E[Φ2
i ] δij

• Expectation operator: E [·, f ] =
∫
Ω f(X)ρ(X) dX

• The type of polynomial Φk(X) is determined by ρk(Xi)

Numerically, we have to truncate the representation:

u(x, t,ω) ≈
M∑

k=0

ûk(x, t),Φk(X)

where M depends on the number of random dimensions N and the highest
polynomial order P of the polynomial basis:

M(N,P ) =
(N + P )!

N !P !
− 1

6
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Choice of orthogonal (hypergeometric) polynomials:
the Askey Scheme [Askey 1985, Schoutens 1999]

15
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Gamma distribution Beta distribution

Correspondence between Orthogonal Polynomials and 
Probability Distributions

16

Gaussian distribution

Continuous Cases:

• Hermite Polynomials     ➠    Gaussian Distribution

• Laguerre Polynomials    ➠    Gamma Distribution                                                             

(special case: exponential distribution)

• Jacobi Polynomials         ➠    Beta Distribution

• Legendre Polynomials    ➠    Uniform Distribution
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Binomial distribution Hypergeometric distribution

Correspondence between Orthogonal Polynomials and 
Probability Distributions

17

Poisson distribution

Discrete Cases:

• Charlier Polynomials     ➠    Poisson Distribution

• Krawtchouk Polynomials    ➠    Binomial Distribution                                                             

• Hahn Polynomials         ➠    Hypergeometric Distribution

• Meixner Polynomials    ➠    Pascal Distribution
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Example: 2-dimensional Legendre polynomialsTwo-dimensional Legendre polynomials. In this case, the random vector is
X = [X1 X2]T .

Φ0(X1, X2) = 1
Φ1(X1, X2) = X1

Φ2(X1, X2) = X2

Φ3(X1, X2) =
3
2
X2

1 −
1
2

Φ4(X1, X2) = X1X2

Φ5(X1, X2) =
3
2
X2

2 −
1
2

Φ6(X1, X2) =
5
2
X3

1 −
3
2
X1

Φ7(X1, X2) =
3
2
X2

1X2 −
1
2
X2

Φ8(X1, X2) =
3
2
X1X

2
2 −

1
2
X1

Φ9(X1, X2) =
5
2
X3

2 −
3
2
X2

Φ10(X1, X2) =
35
8

X4
1 −

15
4

X2
1 +

3
8

Φ11(X1, X2) =
5
2
X3

1X2 −
3
2
X1X2

Φ12(X1, X2) =
9
4
X2

1X2
2 −

3
4
X2

1 −
3
4
X2

2 +
2
8

Φ13(X1, X2) =
5
2
X1X

3
2 −

3
2
X1X2

Φ14(X1, X2) =
35
8

X4
2 −

15
4

X2
2 +

3
8

9

18



Didier Lucor - IJLRA Paris 6 CEA-DIF - October 4th 2007

Outline

Introduction

Stochastic PDEs

Computational 
Approach

Stochastic spectral 
representation

Resolution methods

Post-processing

Application

Conclusion

2-dimensional Legendre polynomials 
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P=Zero & P=1st order

P=2nd order
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2-dimensional Legendre polynomials 
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P=3rd order
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Multi-dimensional polynomials construction

• Based on the finite number of random dimensions X = {Xi(ω)}d=N
i=1 , N ∈

N,

• there exists an ensemble Γ(N)
P of (M + 1) = (N + P )!/(N !P !) polyno-

mials Φ(X) at most of degree P .

• A simple way to construct the kth polynomial Φk(X) is to tensorize
one-dimensional polynomials Φd=1

αk(i)(Xi), where we define the multi-
index: αk = {αk1 , . . . αki , . . . αkN }, such that:

Φk(X) =
N∏

i=1

Φd=1
αki

(Xi),

• αk := {αki}N
i=1 is an array whose each component refers to the de-

gree of the ith one-dimensional polynomial Φd=1(Xi) contributing to
Φk(X).

• Each αk satisfy: ∀k
∑N

i=1 αki ≤ P . We have:

Γ(N)
P =

{ M⋃

k=0

N∏

i=1

Φ1d
αki

(Xi)
}

8
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Stochastic PDE and variational form 

• Find u(x, t,ω), such that:

L(x, t,ω;u) = f(x, t,ω) with x ∈ D, t ∈ [0, T ], ω ∈ Ω
B(x, t,ω;u) = g(x, t,ω) with x ∈ ∂D.

• Random inputs ← L, f, D, random parameter R, ...

• Finite dimensional noise assumption: R(ω) = R(X1(ω), X2(ω), . . . , XN (ω))
Each random variable is a function Xi : ω ∈ Ω→ R

One possible choice: KL decomposition - RVs are pairwise uncorre-
lated but not necessarily mutually independent.

u(x, t,ω) ≈ u(x, t,X1(ω), X2(ω), . . . , XN (ω))

• X(ω) = (X1(ω), X2(ω), . . . , XN (ω)): set of i.i.d continuous random
variables with PDF
ρ(X) = ρ1(X1)ρ2(X2) · · · ρN (XN ) =

∏N
i=1 ρi(Xi) and support Γ ≡∏N

i=1 Xi(Ω) ⊂ RN

• Strong form: find u(x, t,X), such that:

L(x, t,X;u) = f(x, t,X) with x ∈ D, t ∈ [0, T ], X ∈ Γ
B(x, t,X;u) = g(x, t,X) with x ∈ ∂D.

• Finite dimensional subspace VΓ ⊂ L2
ρ(Γ) of all square integrable func-

tion in Γ with respect to the measure ρ(X)dX

• Weak form: find uV (x, t,X) ∈ VΓ(X), such that:

∫

Γ
L(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
f(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D, t ∈ [0, T ]

∫

Γ
B(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
g(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D, t ∈ [0, T ]

10
22



u(x, t,ω) =
M∑

k=0

ûk(x, t)Φk(X)

M(N,P ) =
(N + P )!

N !P !
− 1

• Substitute in the weak form of the model problem. We have for i =
1, 2, . . . M :

∫

Γ
L

(
x, t,X;

M∑

k=0

ûk(x, t)Φk(X)
)
Φi(X)ρ(X)dX =

∫

Γ
f(x, t,X)Φi(X)ρ(X)dX.

• Orthogonality condition ⇒ system of (M +1) deterministic equations
for ûi(x, t).

1. System is coupled unless the problem is linear (in random space)

2. any standard numerical method can be used to solve this deter-
ministic system

• Variations of the stochastic Galerkin method when poor convergence
(discontinuity, stochastic bifurcation): multi-element formulation [Kar-
niadakis], multi-resolution (wavelets) formulation [Le Maitre].

11
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Multi-elements gPC [Wan & Karniadakis 2005]

• X(ω) = (X1(ω), X2(ω), . . . , XN (ω)): set of i.i.d uniform continuous
RVs with support Γ ≡

∏N
i=1 Xi(Ω) ⊂ [−1, 1]N

• D: a decomposition of Γ with Ne non-overlapping elements

D =






Bl = [al
1, b

l
1]× [al

2, b
l
2]× · · ·× [al

N , bl
N ],

B =
⋃N

l=1 Bl,
Bl1

⋂
Bl2 = ∅, if l1 &= l2,

where l, l1, l2 = 1, 2, · · · , Ne.

• Indicator random variables

IBl =
{

1 if X ∈ Bl,
0 otherwise.

such that Ω =
⋃Ne

l=1 I−1
Bl

(1) is a decomposition of the sample space Ω
into the Ne elements.

• We now define a new RN -valued local random vector Zl = (Z l
1, Z

l
2, . . . , Z

l
N )

such that Z l
i : I−1

Bl
(1) → Bl on the probability space (I−1

Bl
(1),F ∩

I−1
Bl

, P (·|IBl = 1)) subject to a conditional PDF

ρ̂l(y|IBl=1) =
ρ(y)

P (IBl = 1)
.

• Spectral representation:

u(x, t,ω) =
Ne∑

l=1

P (IBl = 1)
∞∑

k=0

ûl,k(x, t)Φl,k(Zl),

with: E[Φl,i,Φl,j ] = E[Φ2
l,i] δij .

• Moments of the global solution, e.g.:

E[u(x, t)] =
Ne∑

l=1

P (X ∈ Bl) E[ul(x, t)].

14
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Stochastic PDE and variational form 

• Find u(x, t,ω), such that:

L(x, t,ω;u) = f(x, t,ω) with x ∈ D, t ∈ [0, T ], ω ∈ Ω
B(x, t,ω;u) = g(x, t,ω) with x ∈ ∂D.

• Random inputs ← L, f, D, random parameter R, ...

• Finite dimensional noise assumption: R(ω) = R(X1(ω), X2(ω), . . . , XN (ω))
Each random variable is a function Xi : ω ∈ Ω→ R

One possible choice: KL decomposition - RVs are pairwise uncorre-
lated but not necessarily mutually independent.

u(x, t,ω) ≈ u(x, t,X1(ω), X2(ω), . . . , XN (ω))

• X(ω) = (X1(ω), X2(ω), . . . , XN (ω)): set of i.i.d continuous random
variables with PDF
ρ(X) = ρ1(X1)ρ2(X2) · · · ρN (XN ) =

∏N
i=1 ρi(Xi) and support Γ ≡∏N

i=1 Xi(Ω) ⊂ RN

• Strong form: find u(x, t,X), such that:

L(x, t,X;u) = f(x, t,X) with x ∈ D, t ∈ [0, T ], X ∈ Γ
B(x, t,X;u) = g(x, t,X) with x ∈ ∂D.

• Finite dimensional subspace VΓ ⊂ L2
ρ(Γ) of all square integrable func-

tion in Γ with respect to the measure ρ(X)dX

• Weak form: find uV (x, t,X) ∈ VΓ(X), such that:

∫

Γ
L(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
f(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D, t ∈ [0, T ]

∫

Γ
B(x, t,X;uV )φ(X)ρ(X)dX =

∫

Γ
g(x, t,X)φ(X)ρ(X)dX, ∀φ(X) ∈ VΓ, x ∈ D, t ∈ [0, T ]

10
26



u(x, t,ω) =
M∑

k=0

ûk(x, t)Φk(X)

M(N,P ) =
(N + P )!

N !P !
− 1

• A set of collocation points {Xj}
Nq

j=1 is defined on the space Γ and
collocation projections are performed on the model problem.

L(x, t,Xj;u) = f(x, t,Xj) for j = 1, 2, . . . , Nq

• A system of Nq deterministic equations is obtained.

1. this system is always uncoupled

2. each solution u(x, t,Xj) may be found using a suitable determin-
istic solver

• The solution u(x, t,X) can be approximated by interpolation on the
{yj}:

ûk(x, t) =
E[u(x, t,X) Φk(X)]

E[Φ2
k]

=
< u(x, t,X),Φk(X) >

< Φ2
k(X) >

=
∫
Γ u(x, t,X)Φk(X)ρ(X)dX∫

Γ Φ2
k(X)ρ(X)dX

=

∫
Γ u(x, t,X)

( ∏N
i=1 Φd=1

αki
(Xi)

)( ∏N
i=1 ρ(Xi)

)
dX

∫
Γ Φ2

k(X)ρ(X)dX

• Different multi-dimensional integration methods can be used (e.g. Gauss-
type numerical quadrature). For the numerator we have:

∫

Γ
u(x, t,X)

( N∏

i=1

Φd=1
αki

(Xi)
)( N∏

i=1

ρ(Xi)
)
dX =

Nq∑

j

ωj

(
u(x, t,Z(j))

( N∏

i=1

Φd=1
αki

(Z(j))
))

12
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1D: a polynomial function of order p ≤ 2nq-1 is exactly integrated 
with a Gauss quadrature with nq quadrature  points.

2D: uniform distribution over a 
square domain.

Fig. 5 – Fonction u = H2 = x2 − 1
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Fig. 6 – Comparaison des points de cubature basés sur le principe de la quadrature par tensorisation
incomplète de Smolyak A(N + l, N) appliquée à la formule de Clenshaw-Curtis et les points de
quadrature de Gauss basés sur une tensorisation complete (a) Dimension : N = 2, l = 4 totalise 65
points ; (b) Dimension : N = 2, nq = 33 totalise 1089 points.

4.2 Cubature ou quadrature creuse

D’autres méthodes de quadrature appelées cubatures ou quadrature creuses, que l’on vou-
drait moins coûteuses mais tout aussi précises, sont envisagées pour calculer les intégrales
du dénominateur de l’équation (7). Par souci de simplicité, l’intégrale suivante est considérée
sur un domaine borné Ω. Sans perte de généralité, on suppose que le domaine borné 4 est
Ω := [−1, 1]N .

Notre but est de calculer numériquement :

INf :=

∫

Ω

f(x)dx, (24)

4On rappelle que n’importe quel domaine
QN

i=1[a
i, bi] peut toujours se ramener à [−1, 1]N par une transformation.

17

Goal: evaluate
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1D: a polynomial function of order p ≤ 2nq-1 is exactly integrated 
with a Gauss quadrature with nq quadrature  points.

2D: uniform distribution over a 
square domain.

Fig. 5 – Fonction u = H2 = x2 − 1
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incomplète de Smolyak A(N + l, N) appliquée à la formule de Clenshaw-Curtis et les points de
quadrature de Gauss basés sur une tensorisation complete (a) Dimension : N = 2, l = 4 totalise 65
points ; (b) Dimension : N = 2, nq = 33 totalise 1089 points.
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du dénominateur de l’équation (7). Par souci de simplicité, l’intégrale suivante est considérée
sur un domaine borné Ω. Sans perte de généralité, on suppose que le domaine borné 4 est
Ω := [−1, 1]N .
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Stochastic Collocation method - Gauss quadrature
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Multi-D: minimum number of Gauss quadrature points Nq  

required to compute exactly the M modal coefficients of 
the representation of a N-dimensional polynomial fonction 
of degree p ≤  P.
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Sparse quadrature - How to reduce the cost?
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product formulas with key properties: only products with a 
small number of points are used and the combination is 
chosen | that the interpolation property for N=1 is preserved 
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Sparse quadrature - Smolyak algorithm
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avec Ω := [−1, 1]N . Un choix naturel de points pour l’interpolation d’une fonction multidi-
mensionnelle et régulière est d’utiliser un produit des tenseurs de grille unidimensionnelle.
Smolyak [6] propose une méthode de quadrature multidimensionnelle construite tensorielle-
ment à partir de formules de quadrature unidimensionnelles. Cette évaluation se fait par une
série de formules de quadrature à mk points avec k ∈ N et mk < mk+1. On considère pour
une fonction d’une seule variable, une séquence de quadrature de niveau k du type :

Qk(f) :=
mk∑

i=1

wk
i f(xk

i ), (25)

avec un nombre de points de quadrature mk ∈ N donné. Ici, la grille Γk des points de
quadrature est telle que Γk := {xk

i : 1 ≤ i ≤ mk} ⊂ [−1, 1].

Ce concept est élargi à plusieurs dimensions N . La séquence de niveau k pour la dimension
n ∈ [1, N ] s’écrit :

Qn
k(f) :=

mn
k∑

i=1

wk
i f(xk

i ), (26)

et la grille correspondante Γn
k est telle que Γn

k := {xk
i : 1 ≤ i ≤ mn

k} ⊂ [−1, 1]N . Les formules
sont imbriquées (ou embôıtées) de telle manière que Γn

k ⊂ Γn
k+1.

En dimension N , on définit le produit des tenseurs des quadratures comme étant :

(Q1
k ⊗ . . .⊗QN

k )(f) =

m1
k∑

j1=1

. . .

mN
k∑

jN=1

(wk1

j1 . . . wkN

jN ) · f(xk1

j1 . . . xkN

jN ). (27)

Le nombre de points est M = m1
k . . . mN

k . Avec une approche classique (telle que celle de
Gauss), si nous utilisons la même fonction d’interpolation dans chaque dimension et le même
nombre de points de quadrature m1

k = . . . = mN
k = m, le nombre total de points sera

M = mN . Ce nombre crôıt très rapidement lorsque le nombre de dimensions est grand,
même si m est modeste. Smolyak propose une construction qui permet d’utiliser un nombre
de points de quadrature beaucoup plus restreint.

On introduit la notation :
∆n

k(f) := (Qn
k −Qn

k−1)(f), (28)

et Qn
0 = 0. Cette formule de différence représente en fait une formule de quadrature sur

l’union des grilles Γn
k

⋃
Γn

k−1 (qui est Γn
k dans le cas où les grilles sont embôıtées ). L’algo-

rithme de Smolyak est donné par :

INf ≡ A(q, N) =
∑

|k|≤q

(∆1
k ⊗ . . .⊗∆N

k )(f), (29)

pour q ∈ N et q ≥ N , k ∈ NN et |k| = k1 + . . . + kN . On peut aussi l’écrire sous une autre
forme [7, 8] :

A(q, N) =
∑

q−N+1≤|k|≤q

(−1)q−|k| C(N − 1, q − |k|) (Q1
k ⊗ . . .⊗QN

k )(f). (30)

19

avec Ω := [−1, 1]N . Un choix naturel de points pour l’interpolation d’une fonction multidi-
mensionnelle et régulière est d’utiliser un produit des tenseurs de grille unidimensionnelle.
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ment à partir de formules de quadrature unidimensionnelles. Cette évaluation se fait par une
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ment à partir de formules de quadrature unidimensionnelles. Cette évaluation se fait par une
série de formules de quadrature à mk points avec k ∈ N et mk < mk+1. On considère pour
une fonction d’une seule variable, une séquence de quadrature de niveau k du type :

Qk(f) :=
mk∑

i=1

wk
i f(xk

i ), (25)

avec un nombre de points de quadrature mk ∈ N donné. Ici, la grille Γk des points de
quadrature est telle que Γk := {xk

i : 1 ≤ i ≤ mk} ⊂ [−1, 1].

Ce concept est élargi à plusieurs dimensions N . La séquence de niveau k pour la dimension
n ∈ [1, N ] s’écrit :

Qn
k(f) :=

mn
k∑

i=1

wk
i f(xk

i ), (26)

et la grille correspondante Γn
k est telle que Γn

k := {xk
i : 1 ≤ i ≤ mn

k} ⊂ [−1, 1]N . Les formules
sont imbriquées (ou embôıtées) de telle manière que Γn

k ⊂ Γn
k+1.

En dimension N , on définit le produit des tenseurs des quadratures comme étant :

(Q1
k ⊗ . . .⊗QN

k )(f) =

m1
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j1=1

. . .

mN
k∑

jN=1
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Le nombre de points est M = m1
k . . . mN

k . Avec une approche classique (telle que celle de
Gauss), si nous utilisons la même fonction d’interpolation dans chaque dimension et le même
nombre de points de quadrature m1

k = . . . = mN
k = m, le nombre total de points sera

M = mN . Ce nombre crôıt très rapidement lorsque le nombre de dimensions est grand,
même si m est modeste. Smolyak propose une construction qui permet d’utiliser un nombre
de points de quadrature beaucoup plus restreint.

On introduit la notation :
∆n

k(f) := (Qn
k −Qn

k−1)(f), (28)

et Qn
0 = 0. Cette formule de différence représente en fait une formule de quadrature sur

l’union des grilles Γn
k

⋃
Γn

k−1 (qui est Γn
k dans le cas où les grilles sont embôıtées ). L’algo-

rithme de Smolyak est donné par :

INf ≡ A(q, N) =
∑

|k|≤q

(∆1
k ⊗ . . .⊗∆N

k )(f), (29)

pour q ∈ N et q ≥ N , k ∈ NN et |k| = k1 + . . . + kN . On peut aussi l’écrire sous une autre
forme [7, 8] :

A(q, N) =
∑

q−N+1≤|k|≤q

(−1)q−|k| C(N − 1, q − |k|) (Q1
k ⊗ . . .⊗QN

k )(f). (30)
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k = m, le nombre total de points sera
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Smolyak [6] propose une méthode de quadrature multidimensionnelle construite tensorielle-
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k . Avec une approche classique (telle que celle de
Gauss), si nous utilisons la même fonction d’interpolation dans chaque dimension et le même
nombre de points de quadrature m1

k = . . . = mN
k = m, le nombre total de points sera

M = mN . Ce nombre crôıt très rapidement lorsque le nombre de dimensions est grand,
même si m est modeste. Smolyak propose une construction qui permet d’utiliser un nombre
de points de quadrature beaucoup plus restreint.

On introduit la notation :
∆n

k(f) := (Qn
k −Qn

k−1)(f), (28)

et Qn
0 = 0. Cette formule de différence représente en fait une formule de quadrature sur

l’union des grilles Γn
k

⋃
Γn

k−1 (qui est Γn
k dans le cas où les grilles sont embôıtées ). L’algo-

rithme de Smolyak est donné par :

INf ≡ A(q, N) =
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|k|≤q

(∆1
k ⊗ . . .⊗∆N

k )(f), (29)

pour q ∈ N et q ≥ N , k ∈ NN et |k| = k1 + . . . + kN . On peut aussi l’écrire sous une autre
forme [7, 8] :
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k ⊗ . . .⊗QN
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On voit bien que A est une fonctionnelle linéaire ne dépendant que de l’évaluation de la
fonction en un nombre fini de points de quadrature.

Le produit des tenseurs (Q1
k ⊗ . . . ⊗ QN

k ) doit être calculé sur la grille (Γ1
k × . . . × ΓN

k ),
c’est-à-dire que A(q, d) dépend des valeurs de la fonction sur l’union :

U(q, d) =
⋃

q−d+1≤|k|≤q

(Γ1
k × . . .× ΓN

k ) ⊂ [−1, 1]N . (31)

Si les grilles sont embôıtées alors Γn
k ⊂ Γn

k+1 et U(q, d) ⊂ U(q + 1, d) et donc :

U(q, d) =
⋃

|k|=q

(Γ1
k × . . .× ΓN

k ) ⊂ [−1, 1]N , (32)

ce qui montre que les grilles embôıtées sont le choix le moins coûteux. U(q, d) est appelée
grille creuse. Le but est maintenant de construire une famille de quadrature Qn

k tirant partie
de façon optimale de la régularité éventuelle de la fonction f à intégrer. On se tourne vers la
formule de Clenshaw-Curtis avec un choix judicieux du nombre de points. Il est important
de préciser que d’autres choix sont aussi possibles.

Formule de Clenshaw-Curtis

Nous présentons brièvement la façon dont on peut construire une quadrature unidimension-
nelle du type de (25) de telle manière que les grilles de quadrature pour différents niveaux k
soient embôıtées. Nous détaillons dans la suite comment obtenir les abscisses et les poids de
(25).

Il est important de se fixer Q1
1 = 2 · f(0). Les points de quadrature utilisés sont les points

extrema des polynômes de Chebyshev. Nous choisissons, n1
k = 2k−1 +1, avec k ≥ 2 et n1

1 = 1.
Ce choix permet d’avoir des grilles creuses embôıtées ce qui semble être la solution la plus
économique en termes d’appels de fonction.

Les abscisses sont données par :

xk
j = − cos

π(j − 1)

n1
k − 1

, (33)

et les poids par :

wk
1 = wk

n1
k

=
1

n1
k(n

1
k − 2)

wk
j =

2

n1
k − 1



1 + 2

(n1
k−1)/2 (∗)∑

l=1

1

1− 4l2
cos

2π(j − 1)l

n1
k − 1



 pour 2 ≤ j ≤ n1
k − 1, (34)
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36

où (∗) indique que le dernier terme de la somme est divisé par 2. Cette méthode permet
d’intégrer exactement un polynôme d’une variable d’ordre p = n1

k − 1 avec n1
k points de

quadrature5.

Coût et convergence de la méthode

On appelle l dans A(N + l, N), le ‘niveau’ de la construction de Smolyak. Différents exemples
de grilles creuses sont présentées (fig. 7 et fig. 8).

La quantite A(N + l, N) est exacte pour des fonctions polynomiales

Lorsque le nombre de dimensions N est très grand, Novak et Ritter [9] montre que le nombre
total de points de quadrature est :

NqSCC ∼
2l

l!
N l si l fixé et N # 1. (35)

Dans le tableau suivant on se propose de comparer le coût de calcul des cubatures avec
celui des quadratures de Gauss dans le contexte de la représentation d’une fonction par les
méthodes du Chaos Polynomial. On peut voir que le nombre de points de la grille creuse de
Smolyak est bien inférieur à celui des points de la quadrature de Gauss lorsque le nombre
de dimensions N est suffisamment grand. Il semblerait donc que les quadratures creuses ne
devraient être utilisées qu’à partir de N ≥ 5.

Tab. 2 – Comparaison du nombre de points de quadrature creuse Nq SCC = dim(A(N + l, N)) et
du nombre de points de quadrature de Gauss NqQG pour différentes dimensions N et niveau l. Le
nombre de coefficients (ou degrés de liberté) M de la base du chaos polynomial est aussi stipulé.

N l M Nq SCC NqQG NqQG/Nq SCC

2 1 3 5 4 < 1
2 6 13 9 < 1
3 10 29 16 < 1
4 15 65 25 < 1
5 21 145 36 < 1

5 1 6 11 32 ≈ 3
2 21 61 243 ≈ 4
3 56 241 1 024 ≈ 4
4 126 801 3 125 ≈ 4
5 252 2 433 7 776 ≈ 3

10 1 11 21 1 024 ≈ 49
2 66 221 59 049 ≈ 267
3 286 1 581 1 048 576 ≈ 663
4 1 001 8 801 9 765 625 ≈ 1 110
5 3 003 41 265 60 466 176 ≈ 1 465

5Les poids sont d’ailleurs construits de manière à vérifier cette propriété

21

We introduce the notation: q=N+l and we have A(N+l,N) where the level l is called the stage.

Smolyak/Clenshaw-Curtis A(N+l,N) is exact for all polynomials πN2l+1, i.e. N-dimensional 
polynomials of degree at most p=2l+1 (Novak & Ritter, Constructive Approximation 1999)

où (∗) indique que le dernier terme de la somme est divisé par 2. Cette méthode permet
d’intégrer exactement un polynôme d’une variable d’ordre p = n1

k − 1 avec n1
k points de

quadrature5.

Coût et convergence de la méthode

On appelle l dans A(N + l, N), le ‘niveau’ de la construction de Smolyak. Différents exemples
de grilles creuses sont présentées (fig. 7 et fig. 8).

La quantite A(N + l, N) est exacte pour des fonctions polynomiales

Lorsque le nombre de dimensions N est très grand, Novak et Ritter [9] montre que le nombre
total de points de quadrature est :

NqSCC ∼
2l

l!
N l si l fixé et N # 1. (35)

Dans le tableau suivant on se propose de comparer le coût de calcul des cubatures avec
celui des quadratures de Gauss dans le contexte de la représentation d’une fonction par les
méthodes du Chaos Polynomial. On peut voir que le nombre de points de la grille creuse de
Smolyak est bien inférieur à celui des points de la quadrature de Gauss lorsque le nombre
de dimensions N est suffisamment grand. Il semblerait donc que les quadratures creuses ne
devraient être utilisées qu’à partir de N ≥ 5.

Tab. 2 – Comparaison du nombre de points de quadrature creuse Nq SCC = dim(A(N + l, N)) et
du nombre de points de quadrature de Gauss NqQG pour différentes dimensions N et niveau l. Le
nombre de coefficients (ou degrés de liberté) M de la base du chaos polynomial est aussi stipulé.

N l M Nq SCC NqQG NqQG/Nq SCC

2 1 3 5 4 < 1
2 6 13 9 < 1
3 10 29 16 < 1
4 15 65 25 < 1
5 21 145 36 < 1

5 1 6 11 32 ≈ 3
2 21 61 243 ≈ 4
3 56 241 1 024 ≈ 4
4 126 801 3 125 ≈ 4
5 252 2 433 7 776 ≈ 3

10 1 11 21 1 024 ≈ 49
2 66 221 59 049 ≈ 267
3 286 1 581 1 048 576 ≈ 663
4 1 001 8 801 9 765 625 ≈ 1 110
5 3 003 41 265 60 466 176 ≈ 1 465

5Les poids sont d’ailleurs construits de manière à vérifier cette propriété

21

dim(πN1) = C(N+l,N) ~ Nl /l! for large N.

A(N+l,N) uses about 2l times more 
points than degrees of freedom of πN1.

This factor is independent of N. 
Therefore the algorithm is considered 
optimal.
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Once we hold the spectral PC representation...
Post-processing I

37

• Auto-correlation Ru:

Ru(x1,x2, t) = < u(x1, t,ω), u(x2, t,ω) >

=
M∑

k=0

ûk(x1, t)ûk(x2, t) < Φ2
i >

• Expected values:

1. µu = E[u(x, t,X)] = û0

2. σ2
u = E[u(x, t,X)2] =

∑M
k=1 û2

k E[Φ2
k]

3. δu = 1
σ3

u
E[u(x, t,X)3] = 1

σ3
u

∑M
i=1

∑M
j=1

∑M
k=1 ûiûj ûk E[ΦiΦjΦk]

4. κu = 1
σ4

u
E[u(x, t,X)4] = 1

σ4
u

∑M
i=1

∑M
j=1

∑M
k=1

∑M
l=1 ûiûj ûkûl E[ΦiΦjΦkΦl]

• pdf:

1. Histogram

2. Kernel-smoothing density estimate

3. fu(x, t, x) =
∑

n
fX(Xn)∣∣ ∂u(x,t,X)

∂X |X=Xn

∣∣ with Xn roots of u(x, t,X) = x.

• Reliability analysis:

1. Probability failure Pf of u:

Pf =
∫

D
fX(X)dX = E[1D(u)] with D = {G(X) = R−u(x, t,X) < 0}

2. α-Quantile uα:

P (u(x, t,X) ≤ uα(x, t) = α i.e. uα = inf{u(x, t), F
(
u(x, t)

)
> α}

9



• Auto-correlation Ru:

Ru(x1,x2, t) = < u(x1, t,ω), u(x2, t,ω) >

=
M∑

k=0

ûk(x1, t)ûk(x2, t) < Φ2
i >

• Expected values:

1. µu = E[u(x, t,X)] = û0

2. σ2
u = E[u(x, t,X)2] =

∑M
k=1 û2

k E[Φ2
k]

3. δu = 1
σ3

u
E[u(x, t,X)3] = 1

σ3
u

∑M
i=1

∑M
j=1

∑M
k=1 ûiûj ûk E[ΦiΦjΦk]

4. κu = 1
σ4

u
E[u(x, t,X)4] = 1

σ4
u

∑M
i=1

∑M
j=1

∑M
k=1

∑M
l=1 ûiûj ûkûl E[ΦiΦjΦkΦl]

• Sensitivity analysis:

Variance-based: Sobol’ sensitivity indices Si = var(E[u|Xi])/σ2
u

(analytically computed from gPC coefficients)

• Distributions and conditional densities:

1. Histogram

2. Kernel-smoothing density estimate

3. fu(x, t, x) =
∑

n
fX(Xn)∣∣ ∂u(x,t,X)

∂X |X=Xn

∣∣ with Xn roots of u(x, t,X) =
∑M

i=0 ûkΦk = x.

• Reliability analysis:

1. Probability failure Pf of u:

Pf =
∫

D
fX(X)dX = E[1D(u)] with D = {G(X) = R−u(x, t,X) < 0}

2. α-Quantile uα:

P (u(x, t,X) ≤ uα(x, t) = α i.e. uα = inf{u(x, t), F
(
u(x, t)

)
> α}
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Post-processing II
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Possible applications (in mechanical engineering!) so far...

39

Solid mechanics (Ghanem & Spanos 1989-91). 

Flow through porous media (Ghanem & Dham 1998, Zhang & Lu 

2004). 

Heat diffusion in stochastic media (Hien & Kleiber 1997-98, Xiu & 

Karniadakis 2003).

Incompressible flows (Le Maître et al, Karniadakis et al, Hou et al). 

Fluid-Structure interaction (Karniadakis et al, Lucor et al). 

Micro-fluid systems (Debusschere et al 2001). 

Reacting flows & combustion (Reagan et al 2001). 

0-Mach flows & thermo-fluid problems (Le Maître et al 2003). 
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Sensitivity of spatially developing plane mixing layer with 
respect to uncertain inflow conditions

(Collaboration with Jordan Ko & Pierre Sagaut)
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by Michalke [5, 6]. In both cases, a hyperbolic tangent
function was used to approximate the cross-stream pro-
file of the mean streamwise velocity. It was shown that
the instability waves are dispersive and that the shear
layer has a finite range of instability frequency. The sen-
sitivity of the fundamental spatial instability frequency
to the change in the ratio between the two co-flowing
stream velocities was studied by Monkewitz and Huerre
[7]. They showed that although the spatial growth rate
of the mixing layer is very sensitive to changes in the
perturbation frequency it is not strongly influenced by
changes in the velocity ratio.

The mixing layer forced by discrete modes has three
distinct regions [8]. Immediate downstream from the in-
let, the forced mixing layer growth is enhanced because
of increased production of the Reynolds stress due to the
vortex merging [9]. This zone is termed Region I. In
Region II, a contraction in the mixing layer thickness is
observed as the Reynolds stresses reverse their signs due
to the energy extraction from the turbulent fluctuations
to the main motion. Hence, the amalgamations of the
vortices are inhibited. Further downstream in Region
III, the amalgamations of the vortices and the growth of
the mixing layer resumes.

Experimentally, the hydrodynamic inlet forcing can be
created by active hydrodynamic [10], mechanical [11], or
acoustic devices [12]. Despite the fact that experimental-
ists choose inlet forcing parameters a priori, the inherent
uncertainties of the system do not allow them absolute
control over the error associated with the imposed forc-
ing. Some parameters, e.g. perturbation magnitudes, are
more sensitive to the system uncertainties present than
the others, e.g. perturbation frequency and phase dif-
ference between perturbation modes. Indeed, the forcing
magnitudes, the phase difference and the forcing frequen-
cies are three of the most significant parameters in the
perturbation definition.

These uncertainties in the imposed forcing can lead to
large variations in the vortex interactions and some previ-
ous studies have attempted to address their significance.
The effect of the changes in the relative magnitudes of the
perturbation modes was studied qualitatively with flow
visualization [4] and numerically in [13, 14]. It was re-
ported that increasing the forcing amplitude moves merg-
ing location upstream towards the inlet. A larger forcing
magnitude causes the streamwise energy with the sub-
harmonic frequency to grow faster, thus triggering the
vortex interaction earlier. This observation was con-
firmed experimentally by Zhou et al. [15] who showed
that an increase in the forcing magnitude does lead to
earlier growth in the momentum thickness.

The variations in the vortex interaction of mixing lay-
ers caused by changes in the phase shift between dis-
crete perturbation modes had been studied with tempo-
ral [16, 17] and spatial [4, 13, 14, 18–22] numerical sim-
ulations, and with experiments [4, 23]. The phase shift
between two successive modes primarily affects the en-
ergy transfer between the modes, leading to a shift in the

vortex interactions from vortex merging when the modes
are in phase to vortex shedding when the phase shift is π
[17]. Large differences in the initial mixing layer growth
are also observed [13, 14].

Lastly, but most importantly, the perturbation fre-
quencies also have very strong influences on the vortex
interaction. It was demonstrated both through LST anal-
ysis [7] and experiments [10] that the mixing layer has a
maximum amplification rate near the fundamental per-
turbation frequency. However, in contrast to the pertur-
bation magnitude, there is less degree of uncertainties in
the amplification frequency because it can be most accu-
rately controlled.

It is clear that there are many sources of uncertain-
ties in fluid flows and the importance to address them in
numerical simulations had been recently recognized and
received much attention [24–26]. The mixing layer solu-
tions are sensitive to different perturbation parameters,
as demonstrated in [13] for bi-modal perturbation cases
and in [14] for tri-modal perturbation cases. However,
these studies are only able to address a few representa-
tive cases. If the flow sensitivities to perturbation uncer-
tainties are to be quantified with statistic moments, the
Monte Carlo simulation or one of its variants is tradition-
ally used. Notably, the linear stability of a Poiseuille flow,
with the mean velocity profile perturbed by the four lo-
calized Gaussian peaks having random magnitudes, was
recently studied to examine the effect of flow fluctuations
[27]. The stochastic mean of the optimal energy growth
was calculated from 100 Monte Carlo simulations and the
transient energy growth of the Poiseuille flow was shown
to be stable despite the additional perturbations.

This study will address the sensitivity of the mixing
layer vortex interactions to the uncertainties in the mag-
nitudes of perturbation modes using the more efficient
gPC method. This method also allows us to systemat-
ically analyze the solution response to the random in-
puts. In particular, the sensitivity of vorticity, vortic-
ity thickness and momentum thickness will be examined.
Section II will briefly introduce the spatially developing
mixing layer and specify the source of the inflow pertur-
bation profile uncertainties. Section III will describe the
numerical method used. Section IV will discuss the re-
sults for the bi- and tri-modal perturbation cases before
a conclusion is given.

II. SPATIALLY DEVELOPING MIXING LAYER

Following the non-dimensional formulation by Monke-
witz and Huerre [7], the time-averaged streamwise and
cross-stream inlet velocity profiles of a 2D mixing layer
are defined respectively as

uin(y) = 1 + λ tanh(y/2), (1)
vin(y) = 0, (2)

where λ = !U/2U is the velocity ratio and y is the
cross-stream coordinate. The mean velocity, U , and the
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file of the mean streamwise velocity. It was shown that
the instability waves are dispersive and that the shear
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sitivity of the fundamental spatial instability frequency
to the change in the ratio between the two co-flowing
stream velocities was studied by Monkewitz and Huerre
[7]. They showed that although the spatial growth rate
of the mixing layer is very sensitive to changes in the
perturbation frequency it is not strongly influenced by
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The mixing layer forced by discrete modes has three
distinct regions [8]. Immediate downstream from the in-
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to the energy extraction from the turbulent fluctuations
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the mixing layer resumes.

Experimentally, the hydrodynamic inlet forcing can be
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uncertainties of the system do not allow them absolute
control over the error associated with the imposed forc-
ing. Some parameters, e.g. perturbation magnitudes, are
more sensitive to the system uncertainties present than
the others, e.g. perturbation frequency and phase dif-
ference between perturbation modes. Indeed, the forcing
magnitudes, the phase difference and the forcing frequen-
cies are three of the most significant parameters in the
perturbation definition.

These uncertainties in the imposed forcing can lead to
large variations in the vortex interactions and some previ-
ous studies have attempted to address their significance.
The effect of the changes in the relative magnitudes of the
perturbation modes was studied qualitatively with flow
visualization [4] and numerically in [13, 14]. It was re-
ported that increasing the forcing amplitude moves merg-
ing location upstream towards the inlet. A larger forcing
magnitude causes the streamwise energy with the sub-
harmonic frequency to grow faster, thus triggering the
vortex interaction earlier. This observation was con-
firmed experimentally by Zhou et al. [15] who showed
that an increase in the forcing magnitude does lead to
earlier growth in the momentum thickness.

The variations in the vortex interaction of mixing lay-
ers caused by changes in the phase shift between dis-
crete perturbation modes had been studied with tempo-
ral [16, 17] and spatial [4, 13, 14, 18–22] numerical sim-
ulations, and with experiments [4, 23]. The phase shift
between two successive modes primarily affects the en-
ergy transfer between the modes, leading to a shift in the

vortex interactions from vortex merging when the modes
are in phase to vortex shedding when the phase shift is π
[17]. Large differences in the initial mixing layer growth
are also observed [13, 14].

Lastly, but most importantly, the perturbation fre-
quencies also have very strong influences on the vortex
interaction. It was demonstrated both through LST anal-
ysis [7] and experiments [10] that the mixing layer has a
maximum amplification rate near the fundamental per-
turbation frequency. However, in contrast to the pertur-
bation magnitude, there is less degree of uncertainties in
the amplification frequency because it can be most accu-
rately controlled.

It is clear that there are many sources of uncertain-
ties in fluid flows and the importance to address them in
numerical simulations had been recently recognized and
received much attention [24–26]. The mixing layer solu-
tions are sensitive to different perturbation parameters,
as demonstrated in [13] for bi-modal perturbation cases
and in [14] for tri-modal perturbation cases. However,
these studies are only able to address a few representa-
tive cases. If the flow sensitivities to perturbation uncer-
tainties are to be quantified with statistic moments, the
Monte Carlo simulation or one of its variants is tradition-
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with the mean velocity profile perturbed by the four lo-
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recently studied to examine the effect of flow fluctuations
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was calculated from 100 Monte Carlo simulations and the
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to be stable despite the additional perturbations.

This study will address the sensitivity of the mixing
layer vortex interactions to the uncertainties in the mag-
nitudes of perturbation modes using the more efficient
gPC method. This method also allows us to systemat-
ically analyze the solution response to the random in-
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Section II will briefly introduce the spatially developing
mixing layer and specify the source of the inflow pertur-
bation profile uncertainties. Section III will describe the
numerical method used. Section IV will discuss the re-
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a conclusion is given.
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Following the non-dimensional formulation by Monke-
witz and Huerre [7], the time-averaged streamwise and
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are defined respectively as
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DNS result
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by Michalke [5, 6]. In both cases, a hyperbolic tangent
function was used to approximate the cross-stream pro-
file of the mean streamwise velocity. It was shown that
the instability waves are dispersive and that the shear
layer has a finite range of instability frequency. The sen-
sitivity of the fundamental spatial instability frequency
to the change in the ratio between the two co-flowing
stream velocities was studied by Monkewitz and Huerre
[7]. They showed that although the spatial growth rate
of the mixing layer is very sensitive to changes in the
perturbation frequency it is not strongly influenced by
changes in the velocity ratio.

The mixing layer forced by discrete modes has three
distinct regions [8]. Immediate downstream from the in-
let, the forced mixing layer growth is enhanced because
of increased production of the Reynolds stress due to the
vortex merging [9]. This zone is termed Region I. In
Region II, a contraction in the mixing layer thickness is
observed as the Reynolds stresses reverse their signs due
to the energy extraction from the turbulent fluctuations
to the main motion. Hence, the amalgamations of the
vortices are inhibited. Further downstream in Region
III, the amalgamations of the vortices and the growth of
the mixing layer resumes.

Experimentally, the hydrodynamic inlet forcing can be
created by active hydrodynamic [10], mechanical [11], or
acoustic devices [12]. Despite the fact that experimental-
ists choose inlet forcing parameters a priori, the inherent
uncertainties of the system do not allow them absolute
control over the error associated with the imposed forc-
ing. Some parameters, e.g. perturbation magnitudes, are
more sensitive to the system uncertainties present than
the others, e.g. perturbation frequency and phase dif-
ference between perturbation modes. Indeed, the forcing
magnitudes, the phase difference and the forcing frequen-
cies are three of the most significant parameters in the
perturbation definition.

These uncertainties in the imposed forcing can lead to
large variations in the vortex interactions and some previ-
ous studies have attempted to address their significance.
The effect of the changes in the relative magnitudes of the
perturbation modes was studied qualitatively with flow
visualization [4] and numerically in [13, 14]. It was re-
ported that increasing the forcing amplitude moves merg-
ing location upstream towards the inlet. A larger forcing
magnitude causes the streamwise energy with the sub-
harmonic frequency to grow faster, thus triggering the
vortex interaction earlier. This observation was con-
firmed experimentally by Zhou et al. [15] who showed
that an increase in the forcing magnitude does lead to
earlier growth in the momentum thickness.

The variations in the vortex interaction of mixing lay-
ers caused by changes in the phase shift between dis-
crete perturbation modes had been studied with tempo-
ral [16, 17] and spatial [4, 13, 14, 18–22] numerical sim-
ulations, and with experiments [4, 23]. The phase shift
between two successive modes primarily affects the en-
ergy transfer between the modes, leading to a shift in the

vortex interactions from vortex merging when the modes
are in phase to vortex shedding when the phase shift is π
[17]. Large differences in the initial mixing layer growth
are also observed [13, 14].

Lastly, but most importantly, the perturbation fre-
quencies also have very strong influences on the vortex
interaction. It was demonstrated both through LST anal-
ysis [7] and experiments [10] that the mixing layer has a
maximum amplification rate near the fundamental per-
turbation frequency. However, in contrast to the pertur-
bation magnitude, there is less degree of uncertainties in
the amplification frequency because it can be most accu-
rately controlled.

It is clear that there are many sources of uncertain-
ties in fluid flows and the importance to address them in
numerical simulations had been recently recognized and
received much attention [24–26]. The mixing layer solu-
tions are sensitive to different perturbation parameters,
as demonstrated in [13] for bi-modal perturbation cases
and in [14] for tri-modal perturbation cases. However,
these studies are only able to address a few representa-
tive cases. If the flow sensitivities to perturbation uncer-
tainties are to be quantified with statistic moments, the
Monte Carlo simulation or one of its variants is tradition-
ally used. Notably, the linear stability of a Poiseuille flow,
with the mean velocity profile perturbed by the four lo-
calized Gaussian peaks having random magnitudes, was
recently studied to examine the effect of flow fluctuations
[27]. The stochastic mean of the optimal energy growth
was calculated from 100 Monte Carlo simulations and the
transient energy growth of the Poiseuille flow was shown
to be stable despite the additional perturbations.

This study will address the sensitivity of the mixing
layer vortex interactions to the uncertainties in the mag-
nitudes of perturbation modes using the more efficient
gPC method. This method also allows us to systemat-
ically analyze the solution response to the random in-
puts. In particular, the sensitivity of vorticity, vortic-
ity thickness and momentum thickness will be examined.
Section II will briefly introduce the spatially developing
mixing layer and specify the source of the inflow pertur-
bation profile uncertainties. Section III will describe the
numerical method used. Section IV will discuss the re-
sults for the bi- and tri-modal perturbation cases before
a conclusion is given.

II. SPATIALLY DEVELOPING MIXING LAYER

Following the non-dimensional formulation by Monke-
witz and Huerre [7], the time-averaged streamwise and
cross-stream inlet velocity profiles of a 2D mixing layer
are defined respectively as

uin(y) = 1 + λ tanh(y/2), (1)
vin(y) = 0, (2)

where λ = !U/2U is the velocity ratio and y is the
cross-stream coordinate. The mean velocity, U , and the
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by Michalke [5, 6]. In both cases, a hyperbolic tangent
function was used to approximate the cross-stream pro-
file of the mean streamwise velocity. It was shown that
the instability waves are dispersive and that the shear
layer has a finite range of instability frequency. The sen-
sitivity of the fundamental spatial instability frequency
to the change in the ratio between the two co-flowing
stream velocities was studied by Monkewitz and Huerre
[7]. They showed that although the spatial growth rate
of the mixing layer is very sensitive to changes in the
perturbation frequency it is not strongly influenced by
changes in the velocity ratio.

The mixing layer forced by discrete modes has three
distinct regions [8]. Immediate downstream from the in-
let, the forced mixing layer growth is enhanced because
of increased production of the Reynolds stress due to the
vortex merging [9]. This zone is termed Region I. In
Region II, a contraction in the mixing layer thickness is
observed as the Reynolds stresses reverse their signs due
to the energy extraction from the turbulent fluctuations
to the main motion. Hence, the amalgamations of the
vortices are inhibited. Further downstream in Region
III, the amalgamations of the vortices and the growth of
the mixing layer resumes.

Experimentally, the hydrodynamic inlet forcing can be
created by active hydrodynamic [10], mechanical [11], or
acoustic devices [12]. Despite the fact that experimental-
ists choose inlet forcing parameters a priori, the inherent
uncertainties of the system do not allow them absolute
control over the error associated with the imposed forc-
ing. Some parameters, e.g. perturbation magnitudes, are
more sensitive to the system uncertainties present than
the others, e.g. perturbation frequency and phase dif-
ference between perturbation modes. Indeed, the forcing
magnitudes, the phase difference and the forcing frequen-
cies are three of the most significant parameters in the
perturbation definition.

These uncertainties in the imposed forcing can lead to
large variations in the vortex interactions and some previ-
ous studies have attempted to address their significance.
The effect of the changes in the relative magnitudes of the
perturbation modes was studied qualitatively with flow
visualization [4] and numerically in [13, 14]. It was re-
ported that increasing the forcing amplitude moves merg-
ing location upstream towards the inlet. A larger forcing
magnitude causes the streamwise energy with the sub-
harmonic frequency to grow faster, thus triggering the
vortex interaction earlier. This observation was con-
firmed experimentally by Zhou et al. [15] who showed
that an increase in the forcing magnitude does lead to
earlier growth in the momentum thickness.

The variations in the vortex interaction of mixing lay-
ers caused by changes in the phase shift between dis-
crete perturbation modes had been studied with tempo-
ral [16, 17] and spatial [4, 13, 14, 18–22] numerical sim-
ulations, and with experiments [4, 23]. The phase shift
between two successive modes primarily affects the en-
ergy transfer between the modes, leading to a shift in the

vortex interactions from vortex merging when the modes
are in phase to vortex shedding when the phase shift is π
[17]. Large differences in the initial mixing layer growth
are also observed [13, 14].

Lastly, but most importantly, the perturbation fre-
quencies also have very strong influences on the vortex
interaction. It was demonstrated both through LST anal-
ysis [7] and experiments [10] that the mixing layer has a
maximum amplification rate near the fundamental per-
turbation frequency. However, in contrast to the pertur-
bation magnitude, there is less degree of uncertainties in
the amplification frequency because it can be most accu-
rately controlled.

It is clear that there are many sources of uncertain-
ties in fluid flows and the importance to address them in
numerical simulations had been recently recognized and
received much attention [24–26]. The mixing layer solu-
tions are sensitive to different perturbation parameters,
as demonstrated in [13] for bi-modal perturbation cases
and in [14] for tri-modal perturbation cases. However,
these studies are only able to address a few representa-
tive cases. If the flow sensitivities to perturbation uncer-
tainties are to be quantified with statistic moments, the
Monte Carlo simulation or one of its variants is tradition-
ally used. Notably, the linear stability of a Poiseuille flow,
with the mean velocity profile perturbed by the four lo-
calized Gaussian peaks having random magnitudes, was
recently studied to examine the effect of flow fluctuations
[27]. The stochastic mean of the optimal energy growth
was calculated from 100 Monte Carlo simulations and the
transient energy growth of the Poiseuille flow was shown
to be stable despite the additional perturbations.

This study will address the sensitivity of the mixing
layer vortex interactions to the uncertainties in the mag-
nitudes of perturbation modes using the more efficient
gPC method. This method also allows us to systemat-
ically analyze the solution response to the random in-
puts. In particular, the sensitivity of vorticity, vortic-
ity thickness and momentum thickness will be examined.
Section II will briefly introduce the spatially developing
mixing layer and specify the source of the inflow pertur-
bation profile uncertainties. Section III will describe the
numerical method used. Section IV will discuss the re-
sults for the bi- and tri-modal perturbation cases before
a conclusion is given.

II. SPATIALLY DEVELOPING MIXING LAYER

Following the non-dimensional formulation by Monke-
witz and Huerre [7], the time-averaged streamwise and
cross-stream inlet velocity profiles of a 2D mixing layer
are defined respectively as

uin(y) = 1 + λ tanh(y/2), (1)
vin(y) = 0, (2)

where λ = !U/2U is the velocity ratio and y is the
cross-stream coordinate. The mean velocity, U , and the

uin(y, t) = uin(y) +

Np∑

i=1

εi [cos(niy)f(y) sin(ωit) + γi]
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velocity difference, !U , are calculated from the upper
and lower streams’ velocities, which are UH and UL, re-
spectively. The vorticity thickness, δω, is

δω =
!U

[∂u(y)/∂y]max

, (3)

where u(y) is a streamwise velocity profile [2].
Downstream from the inlet, vortices form between the

two streams due to shear and the mixing layer grows
when vortex merging takes place. The spatial growth of
the momentum thickness is quantified by

θ =
−1
!U2

∫ ∞

−∞
(u(y)− UH) (u(y)− UL) dy. (4)

The velocity and distance are non-dimensionalized by
U and θ at the inlet, θin. In this study, the following
Reynolds number is used:

Re =
Uθin

ν
. (5)

In numerical simulations, discrete perturbation modes
are imposed on the mean inlet velocity profiles to mimic
external forcing and to trigger the vortex formation. The
perturbation consists of the summation of discrete per-
turbation modes, each with its cross-stream profile and
oscillation frequency, ωi. Phase difference between per-
turbation modes, γi, can also be defined. The inlet ve-
locity profiles used in this study is

uin(y, t) = uin(y) +
Np∑

i=1

εi [cos(niy)f(y) sin(ωit) + γi] ,(6)

vin(y, t) = vin(y) +
Np∑

i=1

εi

i
[cos(niy/2)f(y) sin(ωit) + γi] ,

(7)

where Np is the total number of perturbation modes and
εi defines the relative magnitude of each mode with re-
spect to the total perturbation. Sinusoidal functions are
used to approximate the perturbation profiles. The influ-
ence of the perturbations is limited away from the y-axis
by the following smooth decaying function, f(y), propor-
tional to the cross-stream derivative of the hyperbolic
tangent function:

f(y) = 1− tanh2 (y/2) . (8)

The cross-stream perturbation, Eq. (7), is only used in
the validation case (cf. Section III D 1).

In previous studies, the different discrete perturba-
tions were assumed to contribute equally to the total
forcing and their magnitudes were normalized such that
εi=A/Np, with A being the total forcing amplitude. In
the present study, εi are treated as independently and
identically distributed (iid) random variables with finite
support. Their distribution is

εi = εi + σ2
i ξi, (9)

where ξi is an iid random variable and σ2
i is the variance

in the distribution of i-th random variable. The mean
perturbation magnitude, εi, is A/Np.

The variation in the relative magnitudes of the per-
turbation modes has a non-trivial effect on the vortex
interactions. Seven deterministic bimodal perturbation
DNS cases are used to demonstrate the influence of the
relative magnitude (cf. Fig. 1.a). In each case, the
sum of the fundamental and subharmonic magnitudes is
such that

∑
εi = A, where A=10%U . We clearly notice

the presence of large vorticity structures whose pairing
process leads to the growth of the shear layer thickness.
The interactions of the two perturbation modes cause
a doubling of the vorticity thickness of the shear layer
compared to the single fundamental forcing. Those re-
sults are in agreement with [15]. Similar differences are
also visible in the time-averaged vorticity contours (cf.
Fig. 1.b). In Section III C, the DNS numerical package
will be introduced and its validation will be discussed.
The Reynolds number of 100 is chosen in these deter-
ministic simulations to facilitate the comparison of the
vorticity contours with those from Wilson and Demuren
[28].

The downstream evolutions of thickness measures, θ
and δω, also vary quite significantly for different magni-
tude ratios (cf. Fig. 2). Indeed, we expect the variation
in the excitation intensities to alter the evolution of the
coherent structures and their amalgamations. The non-
dimensional growth of θ is comparable for all cases for
x/θin ! 75. Downstream from this location, the solu-
tions look very different for different cases with the high-
est value of θ reaching 3.5θin. Moreover, it was noticed
that a small contribution from the subharmonic pertur-
bation, relative to the fundamental mode, induces a more
dramatic change in the θ growth rate than the opposite.
Once again, the inhibition of the θ growth (i.e. Region
II) is observed except for the ε1=100%A case.

In the growth of δω, the case with ε1=100%A has the
fastest δω growth between the inlet and x/θin=90; fur-
ther downstream, δω reaches a plateau of δω/δω,in=2.
The growth for the case with ε1=0%A is smooth be-
tween the inlet and x/θin=150 and reaches a plateau of
δω/δω,in=3.5 after x/θin=150. When combinations of the
two perturbation modes are used, the extent of the strong
growth is increased and the resulting δω profiles exceed
the boundaries established by the two extreme cases men-
tioned above. More specifically, a sharp kink followed by
a subsequent peak increase are observed in the δω profiles
where the vortex pairing process occurs. The inhibition
of the δω growth (i.e. Region II) follows the second peak.
The position of these features gradually move upstream
as the magnitude of ε1 decreases.

Upstream of the kink in the δω curves, the magnitudes
of ∂u/∂y become different at the mixing layer peripheries
with the upper and lower streams. A sudden shift of the
maximum magnitude of ∂u/∂y from the upper-stream
side to the lower-stream side leads to the kink observed
in the curve. The energy exchange among the coherent
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Fig. 1.b). In Section III C, the DNS numerical package
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ministic simulations to facilitate the comparison of the
vorticity contours with those from Wilson and Demuren
[28].

The downstream evolutions of thickness measures, θ
and δω, also vary quite significantly for different magni-
tude ratios (cf. Fig. 2). Indeed, we expect the variation
in the excitation intensities to alter the evolution of the
coherent structures and their amalgamations. The non-
dimensional growth of θ is comparable for all cases for
x/θin ! 75. Downstream from this location, the solu-
tions look very different for different cases with the high-
est value of θ reaching 3.5θin. Moreover, it was noticed
that a small contribution from the subharmonic pertur-
bation, relative to the fundamental mode, induces a more
dramatic change in the θ growth rate than the opposite.
Once again, the inhibition of the θ growth (i.e. Region
II) is observed except for the ε1=100%A case.

In the growth of δω, the case with ε1=100%A has the
fastest δω growth between the inlet and x/θin=90; fur-
ther downstream, δω reaches a plateau of δω/δω,in=2.
The growth for the case with ε1=0%A is smooth be-
tween the inlet and x/θin=150 and reaches a plateau of
δω/δω,in=3.5 after x/θin=150. When combinations of the
two perturbation modes are used, the extent of the strong
growth is increased and the resulting δω profiles exceed
the boundaries established by the two extreme cases men-
tioned above. More specifically, a sharp kink followed by
a subsequent peak increase are observed in the δω profiles
where the vortex pairing process occurs. The inhibition
of the δω growth (i.e. Region II) follows the second peak.
The position of these features gradually move upstream
as the magnitude of ε1 decreases.

Upstream of the kink in the δω curves, the magnitudes
of ∂u/∂y become different at the mixing layer peripheries
with the upper and lower streams. A sudden shift of the
maximum magnitude of ∂u/∂y from the upper-stream
side to the lower-stream side leads to the kink observed
in the curve. The energy exchange among the coherent
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by Michalke [5, 6]. In both cases, a hyperbolic tangent
function was used to approximate the cross-stream pro-
file of the mean streamwise velocity. It was shown that
the instability waves are dispersive and that the shear
layer has a finite range of instability frequency. The sen-
sitivity of the fundamental spatial instability frequency
to the change in the ratio between the two co-flowing
stream velocities was studied by Monkewitz and Huerre
[7]. They showed that although the spatial growth rate
of the mixing layer is very sensitive to changes in the
perturbation frequency it is not strongly influenced by
changes in the velocity ratio.

The mixing layer forced by discrete modes has three
distinct regions [8]. Immediate downstream from the in-
let, the forced mixing layer growth is enhanced because
of increased production of the Reynolds stress due to the
vortex merging [9]. This zone is termed Region I. In
Region II, a contraction in the mixing layer thickness is
observed as the Reynolds stresses reverse their signs due
to the energy extraction from the turbulent fluctuations
to the main motion. Hence, the amalgamations of the
vortices are inhibited. Further downstream in Region
III, the amalgamations of the vortices and the growth of
the mixing layer resumes.

Experimentally, the hydrodynamic inlet forcing can be
created by active hydrodynamic [10], mechanical [11], or
acoustic devices [12]. Despite the fact that experimental-
ists choose inlet forcing parameters a priori, the inherent
uncertainties of the system do not allow them absolute
control over the error associated with the imposed forc-
ing. Some parameters, e.g. perturbation magnitudes, are
more sensitive to the system uncertainties present than
the others, e.g. perturbation frequency and phase dif-
ference between perturbation modes. Indeed, the forcing
magnitudes, the phase difference and the forcing frequen-
cies are three of the most significant parameters in the
perturbation definition.

These uncertainties in the imposed forcing can lead to
large variations in the vortex interactions and some previ-
ous studies have attempted to address their significance.
The effect of the changes in the relative magnitudes of the
perturbation modes was studied qualitatively with flow
visualization [4] and numerically in [13, 14]. It was re-
ported that increasing the forcing amplitude moves merg-
ing location upstream towards the inlet. A larger forcing
magnitude causes the streamwise energy with the sub-
harmonic frequency to grow faster, thus triggering the
vortex interaction earlier. This observation was con-
firmed experimentally by Zhou et al. [15] who showed
that an increase in the forcing magnitude does lead to
earlier growth in the momentum thickness.

The variations in the vortex interaction of mixing lay-
ers caused by changes in the phase shift between dis-
crete perturbation modes had been studied with tempo-
ral [16, 17] and spatial [4, 13, 14, 18–22] numerical sim-
ulations, and with experiments [4, 23]. The phase shift
between two successive modes primarily affects the en-
ergy transfer between the modes, leading to a shift in the

vortex interactions from vortex merging when the modes
are in phase to vortex shedding when the phase shift is π
[17]. Large differences in the initial mixing layer growth
are also observed [13, 14].

Lastly, but most importantly, the perturbation fre-
quencies also have very strong influences on the vortex
interaction. It was demonstrated both through LST anal-
ysis [7] and experiments [10] that the mixing layer has a
maximum amplification rate near the fundamental per-
turbation frequency. However, in contrast to the pertur-
bation magnitude, there is less degree of uncertainties in
the amplification frequency because it can be most accu-
rately controlled.

It is clear that there are many sources of uncertain-
ties in fluid flows and the importance to address them in
numerical simulations had been recently recognized and
received much attention [24–26]. The mixing layer solu-
tions are sensitive to different perturbation parameters,
as demonstrated in [13] for bi-modal perturbation cases
and in [14] for tri-modal perturbation cases. However,
these studies are only able to address a few representa-
tive cases. If the flow sensitivities to perturbation uncer-
tainties are to be quantified with statistic moments, the
Monte Carlo simulation or one of its variants is tradition-
ally used. Notably, the linear stability of a Poiseuille flow,
with the mean velocity profile perturbed by the four lo-
calized Gaussian peaks having random magnitudes, was
recently studied to examine the effect of flow fluctuations
[27]. The stochastic mean of the optimal energy growth
was calculated from 100 Monte Carlo simulations and the
transient energy growth of the Poiseuille flow was shown
to be stable despite the additional perturbations.

This study will address the sensitivity of the mixing
layer vortex interactions to the uncertainties in the mag-
nitudes of perturbation modes using the more efficient
gPC method. This method also allows us to systemat-
ically analyze the solution response to the random in-
puts. In particular, the sensitivity of vorticity, vortic-
ity thickness and momentum thickness will be examined.
Section II will briefly introduce the spatially developing
mixing layer and specify the source of the inflow pertur-
bation profile uncertainties. Section III will describe the
numerical method used. Section IV will discuss the re-
sults for the bi- and tri-modal perturbation cases before
a conclusion is given.

II. SPATIALLY DEVELOPING MIXING LAYER

Following the non-dimensional formulation by Monke-
witz and Huerre [7], the time-averaged streamwise and
cross-stream inlet velocity profiles of a 2D mixing layer
are defined respectively as

uin(y) = 1 + λ tanh(y/2), (1)
vin(y) = 0, (2)

where λ = !U/2U is the velocity ratio and y is the
cross-stream coordinate. The mean velocity, U , and the
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perturbation definition.

These uncertainties in the imposed forcing can lead to
large variations in the vortex interactions and some previ-
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ported that increasing the forcing amplitude moves merg-
ing location upstream towards the inlet. A larger forcing
magnitude causes the streamwise energy with the sub-
harmonic frequency to grow faster, thus triggering the
vortex interaction earlier. This observation was con-
firmed experimentally by Zhou et al. [15] who showed
that an increase in the forcing magnitude does lead to
earlier growth in the momentum thickness.

The variations in the vortex interaction of mixing lay-
ers caused by changes in the phase shift between dis-
crete perturbation modes had been studied with tempo-
ral [16, 17] and spatial [4, 13, 14, 18–22] numerical sim-
ulations, and with experiments [4, 23]. The phase shift
between two successive modes primarily affects the en-
ergy transfer between the modes, leading to a shift in the

vortex interactions from vortex merging when the modes
are in phase to vortex shedding when the phase shift is π
[17]. Large differences in the initial mixing layer growth
are also observed [13, 14].

Lastly, but most importantly, the perturbation fre-
quencies also have very strong influences on the vortex
interaction. It was demonstrated both through LST anal-
ysis [7] and experiments [10] that the mixing layer has a
maximum amplification rate near the fundamental per-
turbation frequency. However, in contrast to the pertur-
bation magnitude, there is less degree of uncertainties in
the amplification frequency because it can be most accu-
rately controlled.

It is clear that there are many sources of uncertain-
ties in fluid flows and the importance to address them in
numerical simulations had been recently recognized and
received much attention [24–26]. The mixing layer solu-
tions are sensitive to different perturbation parameters,
as demonstrated in [13] for bi-modal perturbation cases
and in [14] for tri-modal perturbation cases. However,
these studies are only able to address a few representa-
tive cases. If the flow sensitivities to perturbation uncer-
tainties are to be quantified with statistic moments, the
Monte Carlo simulation or one of its variants is tradition-
ally used. Notably, the linear stability of a Poiseuille flow,
with the mean velocity profile perturbed by the four lo-
calized Gaussian peaks having random magnitudes, was
recently studied to examine the effect of flow fluctuations
[27]. The stochastic mean of the optimal energy growth
was calculated from 100 Monte Carlo simulations and the
transient energy growth of the Poiseuille flow was shown
to be stable despite the additional perturbations.

This study will address the sensitivity of the mixing
layer vortex interactions to the uncertainties in the mag-
nitudes of perturbation modes using the more efficient
gPC method. This method also allows us to systemat-
ically analyze the solution response to the random in-
puts. In particular, the sensitivity of vorticity, vortic-
ity thickness and momentum thickness will be examined.
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a conclusion is given.
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7

cases. These mesh parameters provide a sufficiently fine
mesh resolution for an uniform grid [28, 40].

TABLE I: The geometry and mesh resolution for the bi-modal
and tri-modal perturbation cases.

Height Length Mesh Resolution

2 modes 120θin 360θin 24× 36 elements
3 modes 240θin 600θin 48× 60 elements

The Navier-Stokes equations are non-dimensionalized
with the mean velocity, U , and the momentum thickness
at the inlet, θin. All the simulations have a Reynolds
number, defined by Eq. (5), of 100. The relevant model
parameters are listed in Table II. The mean and vari-
ance chosen for εi make them iid random variables with
uniform distribution. This range of perturbation magni-
tude will be used in this study unless stated otherwise.
The wavelengths λi are defined as such to give better
approximations to the LST profiles. The wavenumbers
have non-dimensional wavelengths of 5, 6.667 and 10,
when normalized with θin. With Eq. 8, the effects of
the perturbation is attenuated to 10%, 1% and 0.1% at
cross-stream positions of 2.94, 5.29 and 7.60 θin. The
effects of the phase differences on the mixing layer will
be examined in a separate studies and all γi in Eq. (6)
are defined to be zero here.

Each simulation is run for at least twelve periods of
the lowest perturbation mode and flow statistics are col-
lected over the last four periods of the run. This is enough
for the time-averaged flow quantities to converge and the
transient effects due to the initial conditions to be con-
vected out.

TABLE II: Deterministic and stochastic inflow parameters.
The perturbation wave number n3 is used only for the tri-
modal perturbation case.

Re λ εi σi ωf n1 n2 n3

100 0.5 5.0% 5.0% 0.22 0.4π 0.3π [0.2π]

The accuracy of the DNS solver and the gPC and PCM
methods are validated in the next section.

D. Validation and Convergence Studies

Several numerical techniques are used in this study.
The gPC method is used to spectrally expand the
stochastic solution in the random space and the numer-
ical quadratures are used to approximate the integrals
necessary for the calculations of the gPC coefficients. The
validity of the DNS simulations will be established before
the quadrature approximation and the gPC method are
validated.

1. DNS solver

The validation of the DNS solver is performed against
the 2D DNS results from Wilson and Demuren [28]. Dif-
ferent mesh refinements and PJ values were tested for the
bi- and tri-modal perturbation cases and the final mesh
is listed in Table I. The deterministic inflow parame-
ters are listed in Table III. Our DNS package accurately
captures the vortical structure and the momentum thick-
ness growth of the mixing layer when compared to the
bi-modal perturbation results of the Wilson and Demuren
(cf. Fig. 3.). However, since the LST perturbation modes
were not used, as in the case of Wilson and Demuren, a
spatial delay in the onset of the vortex formation is ob-
served. In Fig. 3, the spatial onset of the mixing growth
from N εκT αr has been horizontally aligned to facilitate
the comparison.

TABLE III: Inflow parameters from the Wilson and Demuren
validation case.

Re λ γ εi ωf

100 0.538 0.500 2.12% 0.22

x/!
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y
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FIG. 3: Comparison of instantaneous vorticity contours with
bimodal perturbation between the current DNS study and
Wilson & Demuner.

2. gPC convergence

The convergence of the quadrature method was estab-
lished by examining the L2-norm convergence of the gPC
mean. Quadrature levels of 9 and 10 (ie. 81 and 1000
quadrature points) were found to be sufficient for N=2
and N=3. In the gPC expansion, the spectral conver-
gence was also achieved in the L2-norm of the trunca-
tion error versus increasing polynomial order P for both
N=2 and N=3. The gPC representation can also predict
the solution at an arbitrary point within the support us-
ing Eq. (10) and the prediction is then compared to the
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1

Deterministic parameters per realization

Bi-modal Tri-modal

Domain Size (in θ0 units) 360× 240 600× 480

Mesh Resolution (in θ0 units) 0.83× 0.83 0.91× 0.91

DOF 438 048 1 244 160

Integration Time 24 (8) Tf 40 (12) Tf

Run Time 18 hours 64 hours

Stochastic Parameters

Bi-modal Bi-modal Tri-modal Tri-modal

Full Sparse Full Sparse

Quadrature Level 9 6 10 5

Samples 81(100) 145(321) [216]1000(1331) 177(441)

Legendre Poly. Order 7 4 8 3

Total gPC Terms 36 15 165 20

Random forcing magnitudes εi: uniform ind. random variables
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After seminal work of N. Wiener (1938), a long time passed until the work of Ghanem & 
Spanos (end of the 80s / beginning of the 90s) who pioneered the computational use of 
stochastic spectral representations.

Method does not require high skills in prob. or statistics ⇒ seems to attract 

more the numerical analysis “deterministic” scientific community.

Robust and accurate representation of second-order RPs expressed as 
functionals of a countable number of independent RVs, with known 
distributions. 

Not limited to small uncertainties with Gaussian distributions.

Provide an explicit representation of the RP.  Not only moments and/or pdf. 

Computational cost generally lower than sampling methods (Monte-Carlo 
type).

High dimensions ⇒ many evaluation of the integrand. High CPU cost for 

large scale problems! Sparse basis or quadrature can alleviate this problem.

Stability issues / convergence failure for discontinuous or non-smooth RPs 
⇒ (multi-elements/multi-resolution) adaptive approaches.

Choice between Galerkin or collocation method is problem-dependent. 
Collocation: advantage more noticeable for problems with more 
complicated forms of governing equations. 


