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Introduction

Didier Lucor - IJLRA Paris 6

Need for Uncertainty Quantification (UQ)

Modeling errors/uncertainties, numerical errors and data errors/uncertainties
can interact (non-linearly).

Aleatoric (not reducible) or epistemic (incomplete knowledge) uncertainty.
Need to quantitatively access the impact of uncertain data on simulation
outputs = use of stochastic / probabilistic methods.

In case of the lack of a reference solution, the validity of the model can be
established only if uncertainty in numerical predictions due to uncertain input
parameters can be quantified.

Difficulty: not looking for the unique solution. Now interested in finding the
space of all possible solutions spanned by the uncertain parameters.

Possible sources: simulation constants/parameters, transport coefficients,
physical properties, boundary/initial conditions, geometry, models, numerical

schemes,...
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Stochastic process representations

@ Statistical methods:

(Brute-force) Monte Carlo method:
« Converges as |/\N; Convergence rate is independent of number of RVs. Robust. Parallelizable.

G
) {

Monte Carlo based methods:
* QMC (Quasi-MC), MCMC (Markov chain MC).

* importance sampling, correlated sampling, conditional sampling.

Introduction Latin hypercube sampling, etc. (Fishman 1996)

Variance reduction technique: (limitation with large number of RVs)

RSM (Response Surface Method):

* realizations reduced by interpolation in state space; same limitation with large number of RVs.

& Non-statistical methods:

“Indirect” methods:
Fokker-Planck equation: Solves for distribution function; Challenging in high dimensions (computational cost), BCs.

Moments equations: Closure of equations is key. Good for linear problems with Gaussian RVs.

“Direct” methods (e.g. SFEM, stochastic finite element method):

Interval analysis:“maximum” output bounds

Perturbation-based methods:
Taylor expansion around means. Differ at the local representation of randomness: mid-point, local average,

piecewise polynomial, etc.

Operator-based methods:

Weighted integral method; Neumann expansion.
Stochastic spectral methods: Polynomial chaos, Wiener-Askey chaos & Karhunen-Loeve
decomposition (Wiener, The homogeneous chaos 1938, Ghanem & Spanos, Stochastic Finite
Elements: a Spectral Approach 1991, Loéve, Probability Theory 1977).
CEA-DIF - October 4t 2007
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Complete probability space: (Q, A, P), where Q is the event space, A C 29
the o-algebra and P the probability measure.
Random variable X (w):

@
)¢

X:(Q,A4P) >R,

with probability density function (pdf) fx and cumulative density function
(Cdf) F X .

Introduction Fx(z) = /x fx(x)dx.

Random vector:
X = {X,@)}Y,, N eN.

Two RVs X7 and Xo:
e uncorrelated if: E(X; ® X5) =0

e independent if: E[p1(X1) ¢p2(X2)] = E[¢1(X1)] E[p2(X2)]

We consider a functional X = u(X) = u(w).
Expectation operator:

u(w)dP(w) :/u(x)fX(a:)d:U

R

Elu] =< u >= /

Q
1. u=E[u]
2. var, = E[a?] where @ =u—1

3. Plu<ug) =P{weQ:uw) <up}) =E[lgcyp]
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Random process (RP)
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We consider a continuous random process u(x,w) indexed by a bounded
domain D C R? on the probability space (Q, A, P).

Introduction 1. For each ® = ¢, u(x = xg,w) is a random variable on 2.

2. w is a function of D x ) with value u(x,w) for given @ € D and w € (.

3. For each fixed w € Q, u(x,w) is a function - a realization - of @ in D.

Expectation operator:

u(m,w)dP(w):/u(m,x)fx(a:)da:

R

Elu] =< u(x) >= /

Q

2. vary(x) = E[i(x)?] where a(x) = u(x) — u(x)

3. P(u(:c) < U()) = P({UJ cQ: U(wyw) < UO}) — E[l{u(w)guo}]

Didier Lucor - IJLRA Paris 6 6 CEA-DIF - October 4t 2007



IS
Stochastic PDE and variational form
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e Find u(x,t,w) with t € [0,T], w € Q, such that:
L(x,t,w;u) = f(x,t,w) with x € D,
B(x,t,w;u) = g(x,t,w) with « € JD.

Stochastic PDEs
© | e Random inputs < L, B, f, g, D, random parameter R, ...

e Finite dimensional noise assumption: R(w) = R(X;(w), X2(w),..., Xn(w))
Each random variable is a function X; : w € Q2 - R

One possible choice: KL decomposition - RVs are pairwise uncorre-
lated but not necessarily mutually independent.

u(x, t,w) =~ u(x, t, X1(w), Xo(w),..., Xy(Ww))

o X(w) = (X1(w),Xo(w),...,Xn(w)): set of i.i.d continuous random
variables with PDF":

p(X) = p1(X1)p2(X2) -+ pn(Xn) = [iL; pi(X;) and support:

I'=J[Y, X;(Q) c RN
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Stochastic PDE and variational form
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e Strong form: find u(x,t, X), such that:

L(x,t,X;u) = f(e,t,X) with xeD, te[0,T], XeTl
Stochastic PDEs B(x,t,X;u) = g(x,t,X) with x € 9dD.

e Finite dimensional subspace Vr C L%(I‘) of all square integrable func-
tion in I' with respect to the measure p(X)dX

e Weak form: find uy (x,t, X) € Vp(X), such that:

/F[,(a:,t,X;uv)gb(X)p(X)dX - /Ff(:c,t,X)gb(X)p(X)dX, V(X)) €EVr, €D, tel0,T]

/F Bla,t, X: uy )(X)p(X)dX = /F g(@,t, X)(X)p(X)dX, V$(X) € Vi, m €D, t € [0, T]
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Karhunen-Loeve representation

The Karhunen-Loeve (KL) expansion [Loeve 1977] is based on the spectral
expansion of the covariance function of a random process.

We consider a second-order RP u(zx,w) = E[u(x)?] < +00,Vx € D and its
covariance function Ry, (x1,x2).

Ry(x1,x2) = E(u(x,w) ® u(xe,w))

The covariance kernel is real, symmetric and positive-definite. Spectrum of

Stochastic spectral {\i} C Ry and orthogonal eigenfunctions ¢;(x) (complete basis).
representation

Spectral representation of the kernel:

Ry(x1,m2) = > Nigyi(21) i (2)
i=1
Second-order Fredholm equation:

/ Ru(ml,wg)qbi(wg)dwg = )\zqﬁz(wl) with / gbz(w)gbj(w)dac = 5@.7
D D
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Karhunen-Loeve representation

u(z,w) = u(x) + oy Z Vigi(z) Xi(w),

with X;: centred, normalized, uncorrelated RVs (but not necessarily inde-
pendent!); EX; = 0, E(X; X;) = ;5.

X;(w) = Ai /D (u(z,w) — a(z))di(x)da

Remark: If u(x,w) is a Gaussian RP. It has a KL representation with RVs
Xi(w): Gaussian vector. These Gaussian RVs are uncorrelated = indepen-
Stochastic spectral dent.
representation

N
u(w,w) = u(x) + ou Y _ v Aigi(x) Xi(w),
i=1

Error minimizing property: truncate after /N largest eigenvalues =- optimal
- in variance - expansion in N RVs.

E%V:Z)‘i

Convergence rate of the spectrum: inversely proportional to correlation length
and depends on the regularity of the covariance kernel.
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Example: groundwater flow stochastic conductivity
- Modal decomposition

@
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Stochastic spectral \
representation 05

., £
05 ™

-1 1 1 4 -1

mode 5 mode 10 mode 25

H. Matthies (Institute of Scientific Computing, TU Braunschweig)
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Example: groundwater flow stochastic conductivity
- Realizations

Rt Ay ) TS
3 SN PN K TP A
P sy, o A -@A‘;‘j’g \ .
E{%‘éﬁ?; N 2. RSOk
h‘%,ﬂ"ﬂr . EEQ*'

Stochastic spectral
representation

H. Matthies (Institute of Scientific Computing, TU Braunschweig)
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Homogeneous Chaos

Theorem [N. Wiener|: any RV u(w) € Ly(£2, A, P) (with finite variance) can
be represented in orthogonal polynomials of Gaussian RVs X = {X;(w)}32;.

= Z ﬁka(X W
k=0

e The type of Hp(X) are Hermite polynomials

Stochastic spectral
representation

e Convergence in Ly(2, A, P) (Cameron & Martin, 1947)
e Orthogonality condition: < H;, H; >= E[H;, Hj] = E[H?] 65

e Expectation operator: E [, f] = [ f( X)dX
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generalized Polynomial Chaos (gPC)

u(x, t,w) Zukwtq)k X)

e Generalization to the Askey scheme family of polynomials [Xiu & Kar-
niadakis, 2002].

e Orthogonality condition: E[®;, <I>j] = ]E[<I>3 ] 0ij

e Expectation operator: E [-, f] = |, f( X)dX

Stochastic spectral

representation e The type of polynomial @4 (X)) is determined by pg(X;)

Numerically, we have to truncate the representation:

aztw Zukwt (I)k )

where M depends on the number of random dimensions N and the highest
polynomial order P of the polynomial basis:

(N + P)!
NI P!

M(N,P) = —1

Didier Lucor - IJLRA Paris 6 | 4 CEA-DIF - October 4t 2007



Choice of orthogonal (hypergeometric) polynomials:
the Askey Scheme [Askey 1985, Schoutens 1999]

@
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‘ Wilson ‘ Racah
Continuous Continuous
Dual Hahn Hahn Huhn Dual Hahn

Stochastic spectral
representation

Luguerre Charlier

\ /

Hermite |«
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Correspondence between Orthogonal Polynomials and
Probability Distributions

@
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@® Continuous Cases:

® Hermite Polynomials ™  Gaussian Distribution
® [aguerre Polynomials ™ Gamma Distribution
(special case: exponential distribution)

® Jacobi Polynomials > Beta Distribution

Stochastic spectral ® |egendre Polynomials ™  Uniform Distribution
representation

i
=%

Gaussian distribution Gamma distribution Beta distribution
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@ Discrete Cases:

® Charlier Polynomials ™  Poisson Distribution

® Krawtchouk Polynomials "  Binomial Distribution

® Hahn Polynomials m  Hypergeometric Distribution

® Meixner Polynomials ™ Pascal Distribution

Stochastic spectral
representation

02—

Hl q=05N=10

0 1 2 3 4 5 6 7 8 9 10

Poisson distribution Binomial distribution
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Correspondence between Orthogonal Polynomials and
Probability Distributions

;
[ =12, p=10,N=6 |

Hypergeometric distribution
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Example: 2-dimensional Legendre polynomials

(X1, X2) = 1
P1(X1,X2) = Xi
Po(X1, X2) = Xo
3 1
q:)3()(17)(2) — §X2 - 5
Py(X1, X2) = X1Xo
3 1
Ps(X1,X9) = =—X2——
5 3
Pg( X1, Xo) = §X3—§X1
3 1
Stochastic spectral P7(X1, Xo) = §X12X2—§X2
representation 3 , 1
Og( X1, Xo) = §X1X —§X1
5 3
Dg(X1, Xo) = §X3—§X2
35 15 3
P1o(X1, X2) = ng—ZXerg
5 3 3
P11(X1,X2) = §X1X2—§X1X2
9 3 3 2
P19(X1, Xo) = ZX%X% — ZX% — ZX% + 3
5 3
Pi3(X1, X2) = §X1X§’—§X1X2
35 15 3
P14(X1, Xo) = §X§—ZX22+§
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2-dimensional Legendre polynomials

P=Zero & P=15" order
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Stochastic spectral
representation
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2-dimensional Legendre polynomials

ﬂ P=3"d order
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Stochastic spectral
representation
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Multi-dimensional polynomials construction

e Based on the finite number of random dimensions X = {X;(w)}=N, N €
N,

e there exists an ensemble F%N) of (M +1)=(N+ P)!/(N!P!) polyno-
mials ®(X) at most of degree P.

e A simple way to construct the k' polynomial ®;(X) is to tensorize

one-dimensional polynomials q)if(li) (X;), where we define the multi-

index: o = {ag,,...qk,,... ok, }, such that:

Stochastic spectral N
representation (I)k(X) _ H (I)gzl (X’L)7
i=1
e y, = {ay,}Y, is an array whose each component refers to the de-
gree of the i*" one-dimensional polynomial ®4=!(X;) contributing to
P (X).

e Fach «y satisfy: Vk Efil ag, < P. We have:

M N
v’ = { U T8 (xa}

k=01=1
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Stochastic PDE and variational form
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e Strong form: find u(x,t, X), such that:

L(x,t,X;u) = f(e,t,X) with xeD, te[0,T], XeTl
Stochastic PDEs B(x,t,X;u) = g(x,t,X) with x € 9dD.

e Finite dimensional subspace Vr C L%(I‘) of all square integrable func-
tion in I' with respect to the measure p(X)dX

e Weak form: find uy (x,t, X) € Vp(X), such that:

/F[,(a:,t,X;uv)gb(X)p(X)dX - /Ff(:c,t,X)gb(X)p(X)dX, V(X)) €EVr, €D, tel0,T]

/F Bla,t, X: uy )(X)p(X)dX = /F g(@,t, X)(X)p(X)dX, V$(X) € Vi, m €D, t € [0, T]
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Stochastic Galerkin method

Intrusive approach

e Substitute in the weak form of the model problem. We have for i =
1,2,...M:

M
/L(w,t,X;Zﬂk(w,t)CIDk(X))CDZ-(X)p(X)dX:/f(a:,t,X)CI)i(X)p(X)dX.
Resolution methods s k=0 I

e Orthogonality condition = system of (M + 1) deterministic equations
for u;(x,t).

1. System is coupled unless the problem is linear (in random space)

2. any standard numerical method can be used to solve this deter-

ministic system

e Variations of the stochastic Galerkin method when poor convergence
(discontinuity, stochastic bifurcation): multi-element formulation [Kar-
niadakis|, multi-resolution (wavelets) formulation [Le Maitre].
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Multi-elements gPC [Wan & Karniadakis 2005]

@
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e X(w) = (X1(w), Xo(w),...,Xn(w)): set of i.i.d uniform continuous
RVs with support ' = Hfil X;(Q) c[-1,1]V

e D: a decomposition of I' with N, non-overlapping elements

Bl — [a]l\lfa bll] X [al27bl2] X X [aﬁ\hbé\f]a
D=4 B=U B

Stochastic spectral B, B, =0, if Iy # 2,
representation

where [,11,l0 =1,2,--- , N,.

e Indicator random variables

I — 1if X € By,
B =1 0 otherwise.

such that Q = Uf\;el Igll(l) is a decomposition of the sample space (2
into the NV, elements.

Didier Lucor - IJLRA Paris 6 24 CEA-DIF - October 4t 2007



Multi-elements gPC [Wan & Karniadakis 2005]

@
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e We now define a new R¥-valued local random vector Z' = (Z%, ZL, ..., Z%,)
such that Z! : Igll(l) — B; on the probability space (Igll(l),]: N
Igll, P(:|Ip, = 1)) subject to a conditional PDF

A p(y)
Ig 1) = :
Stochastic spectral e Spectral representation:
representation
Ne o0
u(@,t,w) =Y P(Ip, =1)) (e, t)P (2",
=1 k=0
with: E[®;;, &y ;] = E[®7,] 6.
e Moments of the global solution, e.g.:
Ne
E[u(z,t)] =Y P(X € B;) Elu(w,1)].
=1
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Stochastic PDE and variational form
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e Strong form: find u(x,t, X), such that:

L(x,t,X;u) = f(e,t,X) with xeD, te[0,T], XeTl
Stochastic PDEs B(x,t,X;u) = g(x,t,X) with x € 9dD.

e Finite dimensional subspace Vr C L%(I‘) of all square integrable func-
tion in I' with respect to the measure p(X)dX

e Weak form: find uy (x,t, X) € Vp(X), such that:

/F[,(a:,t,X;uv)gb(X)p(X)dX - /Ff(:c,t,X)gb(X)p(X)dX, V(X)) €EVr, €D, tel0,T]

/F Bla,t, X: uy )(X)p(X)dX = /F g(@,t, X)(X)p(X)dX, V$(X) € Vi, m €D, t € [0, T]
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Stochastic Collocation method
Non-intrusive approach

M
u(a:, taw) — Z’&k(wa t)q)k(X)
k=

—~ O

N + P)!
M(N, P) =~ — 1

e A set of collocation points {Xj};-vqu is defined on the space I' and

. collocation projections are performed on the model problem.
Resolution methods

L(x,t,Xj;u) = f(x,t,X;) forj=1,2,..., N,
o A system of N, deterministic equations is obtained.

1. this system is always uncoupled

2. each solution u(zx, ¢, X;) may be found using a suitable determin-
istic solver
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Stochastic Collocation method
Non-intrusive approach

@
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e The solution u(x,t, X) can be approximated by interpolation on the

{y;}:

Elu(z,t, X) ®x(X)]  <u(z,t,X), Pp(X) >
E[®2] B < P2(X) >

uk(m,t) =

Jru(@,t, X)0(X)p(X)dX  Jpule,t, X)(ITL 451 (X0)) (T p(X:))dX
R X)pX)ixX [ 92(X)p(X)aX

Resolution methods _

e Different multi-dimensional integration methods can be used (e.g. Gauss-
type numerical quadrature). For the numerator we have:

N N Ny N

/F u(a.t, X)([] 08 (x0) (] p(X0)ax = 3w, (ula.t. 20) ([ 28 (29))))
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Gauss quadrature

Goal: evaluate IV f ::/f(w)da:
Q

@
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1D:a polynomial function of order p < 2nqg=1 is exactly integrated
with a Gauss quadrature with nq quadrature points.

T = - - i = = "

gx = . . . .. .

06M™ = = u L] ] ] ] u

Resolution methods A P . . . .
0.2

s 0= = . . . . . R
-0.2
2D: uniform distribution over a o

square domain. 06[x = . : . . e

_0'8l m m m m = m m .|

-1 -08 -06 -04 -02 0 0.2 0.4 0.6 0.8 1
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Gauss quadrature

Goal: evaluate " f ::/f(w)da:
0

@
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1D:a polynomial function of order p < 2nqg=1 is exactly integrated
with a Gauss quadrature with nq quadrature points.

U A S S U
Resolution methods e ' ' ' ' ' = .
0'2000 [ ] [ ] ® [ ) ® [ ] ® [ ] ® [ ] [ ] e O o¢
NN O [ ] [ ] [ ] [ ] [ | [ ] [ ] -
_0-2000 [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] o O o¢
. . . . 0400 ¢ o o ° ° ° ° ° ° e o o o o8
2D: uniform distribution over a
square domain. TaT T T T AT
$e2, 2w
-1 -0.8 -06 -04 -0. 0
Xl
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Stochastic Collocation method - Gauss quadrature

@
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‘Curse of dimensionality’!

Iog10 Nqg

Resolution methods

Multi-D: minimum number of Gauss quadrature points Ng
required to compute exactly the M modal coefficients of
the representation of a N-dimensional polynomial fonction

of degree p < P.
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Sparse quadrature - How to reduce the cost!?

@
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Approximate the integral with a linear combination of tensor
product formulas with key properties: only products with a
small number of points are used and the combination is

chosen | that the interpolation property for N=I is preserved
for N>1.

7Emeese0000000 0000000000000 00 000000 0000000000000000

Ccesee o 0.0 0 0 O [ ] ] ] ] o ° o L] L] * o o o -0 0.0 00080

Clenshaw-Curtis grid

Resolution methods

Quadrature level

K=l — 4e o . . . . . o
k=3 — 3¢ . . . .
=2 — R S S S R S R
k=] —— ) A S S S S GO N SR S S

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 04 0.6 0.8 1
Quadrature values in 1D
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Sparse quadrature - Smolyak algorithm

In 1D:
Qr(f) == waf(ff)a T ={af - 1 <i<my}C[-1,1].
In Multi-D:

Qu(f):= ) wi f(ap), Tii={af:1<i<mp}C =11

ml mN
Resolution methods i i
ji=1 N =

A (f) = (Q — Qr_1)(f),

INf=Alg,N)= ) (Ay©...@ AN,

|k|<q

pour g e Net ¢ > N, ke NV et |k| =k' +... + kN,
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Sparse quadrature - Smolyak algorithm

Al N)= ) (-D)"HMCON-1,q- k) (Qr®...@ QY)(f).

qg—N+1<|k|<q

Le produit des tenseurs (Q; ® ... ® Qy) doit étre calculé sur la grille (T'y x ... x 1

c’est-a-dire que A(q, d) dépend des valeurs de la fonction sur 'union :
Resolution methods

Ulg,d)= | @px...xIY)cl-1,1".

q—d+1<]k|<q

Si les grilles sont emboitées alors I'}y C I'p,; et U(q,d) C U(q + 1,d) et donc :

Ulg,d) = | J Ty x ... xIY) c [-1,1]",
|kl=q
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A(N+,N): N=2, 1=8; Nq=321 points

QG N=2,nqg=18; Ngq=324 points
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Sparse quadrature - accuracy and cost comparison

@
)¢

We introduce the notation: g=N+I and we have A(N+/,N) where the level | is called the stage.

Smolyak/Clenshaw-Curtis A(N+N) is exact for all polynomials mn?*/, i.e. N-dimensional
polynomials of degree at most p=2/+1 (Novak & Ritter, Constructive Approximation 1999)

N |l| M | Ngscc Nqqc Nqqac/Ngscc
oL 2 1 3 5 4 <1
NQSCCN—'NZ sil fixé et N > 1 2| 6 13 9 <1
l! 3 10 29 16 <1
4 15 65 25 <1
5 21 145 36 <1
dim(rin') = C(N+LN) ~ N' /! for large N. 5 |1 6 11 32 ~ 3
2 21 61 243 ~
A(N+IN) uses about 2 times more 5| 90 241 1024 ~
. 4 126 801 3125 ~
points than degrees of freedom of v/ = | 959 9433 76 ~ 3
This factor is indepe.nden.t of N.. 10 ; éé 22211 519002449 ;24697
Thgrefore the algorithm is considered 3| 286 1581 1048 576 ~ 663
optimal. 411001 | 8801 | 9765625 ~ 1110
5 | 3003 | 41265 60466 176 ~ 1465
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Once we hold the spectral PC representation...
Post-processing |

@
)¢

e Auto-correlation R,:

Ry(x1,x2,t) = <u(xy,t,w),u(xe, t,w) >

= ) dg(@r, t)ip (w2, t) < OF >
k=0

e Expected values:
Post-processing

1y = Blu(z,t, X)] =
2. o2 = Bju(a,t, X)?] = 1L, i Bfo?
3. 0y = %E[ (213, ¢, X)g] — % Zi\il Z]]\il 224:1 r&ir&jr&k E[q)’iq)jq)k]

%E[u(w, L, X)4] - % Z’IJ,\il Zgj\il chwzl Zi\il ’&/z/&]ﬁk’al E[(I)Z(I)J(I)k(l)l]

1N
| |
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Post-processing |l

e Sensitivity analysis:

Variance-based: Sobol’ sensitivity indices S; = var(E[u|X;])/o?
(analytically computed from gPC coefficients)

e Distributions and conditional densities:

1. Histogram
2. Kernel-smoothing density estimate
3. fulz,t,z) = > Sx (Xn) | with X,, roots of u(x,t,X) =

ou(x,t,X)
M A

59X X=Xn
e Reliability analysis:

Post-processing
1. Probability failure Py of u:

o / Fx (X)X = E[1p(w)] with D = {G(X) = R—u(z, t, X) < 0}
D
2. a-Quantile u,:

P(u(x,t, X) < uq(x,t) = aie uy = inf{u(z,t), F(u(z,t)) > a}
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Possible applications (in mechanical engineering!) so far...

@
)¢

© Solid mechanics (Ghanem & Spanos 1989-91).

© Flow through porous media (Ghanem & Dham 1998, Zhang & Lu
2004).

@ Heat diffusion in stochastic media (Hien & Kleiber 1997-98, Xiu &
Karniadakis 2003).

© Incompressible flows (Le Maitre et al, Karniadakis et al, Hou et al).

@ Fluid-Structure interaction (Karniadakis et al, Lucor et al).

© Micro-luid systems (Debusschere et al 2001).

Application @ Reacting flows & combustion (Reagan et al 2001).
@ 0-Mach flows & thermo-fluid problems (Le Maitre et al 2003).
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-
Sensitivity of spatially developing plane mixing layer with

” respect to uncertain inflow conditions
- (Collaboration with Jordan Ko & Pierre Sagaut)

Uin(y) = 14 Atanh(y/2) A = AU/2U

DNS result

Application

| | |
195 245 295 445

Didier Lucor - IJLRA Paris 6
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@
)¢

Application

Didier Lucor - IJLRA Paris 6

Sensitivity of spatially developing plane mixing layer with

respect to uncertain inflow conditions

Nyp

1=1

> [ei)lcos(nay) £ (y) sin(wit) + ]

LST

) = 1+ Atanh(y/2)

Forcing

A = AU/2U

DNS result

41
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Sensitivity of spatially developing plane mixing layer with
respect to uncertain inflow conditions

@
)¢

N, LST
Uin (¥, 1) = Uin (y) + Z@[COS(my)f (y) sin(wit) + ]
Uin (¥, t) =i (¥) = Forcing

Uin(y) = 1+ Atanh(y/2) A = AU/2U

-35 DNS result

Application )
195 245 205 X6, 345 395 445
0= o [ 0l) ~ Un) (uly) — V) dy
Quantities of interest: AU? 5o
momentum and vorticity thicknesses AU
% Ouly) /O
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Stochastic mixing layer
Bi-modal perturbation forcing
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Application

Increasing subharmonic forcing

Didier Lucor - IJLRA Paris 6

Stochastic mixing layer
Bi-modal perturbation forcing
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Application

Stochastic mixing layer
Numerical parameters

Random forcing magnitudes €;: uniform ind. random variables

Re N & o0, wy

niy n2

ns

100 0.5 5.0% 5.0% 0.22 0.47 0.37 [0.27]

Deterministic parameters per realization

Bi-modal | Tri-modal
Domain Size (in 6p units) | 360 x 240 | 600 x 480
Mesh Resolution (in 6g units) |0.83 x 0.83/0.91 x 0.91
DOF 438 048 | 1 244 160
Integration Time 24 (8) Ty |40 (12) T
Run Time 18 hours | 64 hours
Stochastic Parameters
Bi-modal Bi-modal Tri-modal Tri-modal
Full Sparse Full Sparse
Quadrature Level 9 6 10 5
Samples 81(100) 145(321) [[216]1000(1331) 177(441)
Legendre Poly. Order 7 4 8 3
Total gPC Terms 36 15 165 20
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Time-averaged vorticity prediction

Tri-modal perturbation forcing

Prediction up to P=1
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Sensitivity analysis
Statistical moments and surface responses

Partial variance of 6

Didier Lucor - IJLRA Paris 6
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Gauss Quadrature

Mean

Didier Lucor - IJLRA Paris 6
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Spatial sensitivity analysis
Sobol coefficients

Sparse Quadrature

Mean
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Downstream distribution of momentum thickness pdf
Bi-modal perturbation case

@
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Downstream distribution of momentum thickness pdf
Bi-modal perturbation case

@
)¢

si
T © o S
&
__.U.is 3* .&"
- © <t
(o -
2 ——Mean 0
----Mean + STDof6 | | |02
. € =5%U
i - 0.1
T s | | | ‘ |
0 50 100 150 200 250 300
x/BO
Application
5 : : : : 5 : : : : 5 : : : : 5 : :
x/0. =90 x/0. =140 1
N N
4 : 4 | 4t : 4t
3 < I < £
©° 3 2° 3 <° 3 <° 3
3 3 3 3
[Ze) [Ze) S« K
2 2 2t 1 2 : 1
X/Gin=1 75 X/@in=240
1 P — 1 T 1 - 1 P ra———
0 0.2 04 .6 0.8 1 0 0.2 04 6 0.8 1 0 0.2 04 .6 0.8 1 0 0.2 04 .6 0.8 1
bpP bppP bppP bppF

Didier Lucor - IJLRA Paris 6 50 CEA-DIF - October 4t 2007



S
Conclusion

After seminal work of N.Wiener (1938),a long time passed until the work of Ghanem &
Spanos (end of the 80s / beginning of the 90s) who pioneered the computational use of
stochastic spectral representations.

G
) {

@ Method does not require high skills in prob. or statistics = seems to attract

more the numerical analysis “deterministic” scientific community.

Robust and accurate representation of second-order RPs expressed as
functionals of a countable number of independent RVs, with known
distributions.

Not limited to small uncertainties with Gaussian distributions.
Provide an explicit representation of the RP Not only moments and/or pdf.

Computational cost generally lower than sampling methods (Monte-Carlo
type).

High dimensions = many evaluation of the integrand. High CPU cost for

Conclusion large scale problems! Sparse basis or quadrature can alleviate this problem.

Stability issues / convergence failure for discontinuous or non-smooth RPs
= (multi-elements/multi-resolution) adaptive approaches.

Choice between Galerkin or collocation method is problem-dependent.
Collocation: advantage more noticeable for problems with more
complicated forms of governing equations.
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